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Abstract
We analyse the most general N = 2 supersymmetric solutions of d = 11 supergravityconsisting of a warped product of four-dimensional anti-de-Sitter space with a seven-dimensional Riemannian manifold Y7. We show that the necessary and sufficient con-ditions for supersymmetry can be phrased in terms of a local SU(2)-structure on Y7.Solutions with non-zero M2-brane charge also admit a canonical contact structure, interms of which many physical quantities can be expressed, including the free energyand the scaling dimensions of operators dual to supersymmetric wrapped M5-branes.We show that a special class of solutions is singled out by imposing an additional sym-metry, for which the problem reduces to solving a second order non-linear ordinarydifferential equation. As well as recovering a known class of solutions, that includesthe IR fixed point of a mass deformation of the ABJM theory, we also find new solu-tions which are dual to cubic deformations. In particular, we find a new supersymmetricwarped AdS4×S7 solution with non-trivial four-form flux. Furthermore, we study super-symmetric asymptotically locally AdS4 solutions of N = 2 gauged supergravity which viathe AdS4/CFT3 correspondence are dual to supersymmetric gauge theories on deformed3-spheres with SU(2)×U(1) symmetry and a non-trivial background gauge field. Thesesolutions lift to solutions of M-theory and we show that the gravitational free energyagrees with the large N limit of the dual field theory free energy, obtained from the local-ized partition function of a class of N = 2 Chern-Simons-matter theories. In this context,we present a complete class of supersymmetric backgrounds of N = 2 gauged supergrav-ity whose conformal boundary is a biaxially squashed Lens space S3/Zp. Genericallywe find that the latter admits Taub-NUT-AdS fillings, with topology R4/Zp, as well assmooth Taub-Bolt-AdS fillings with non-trivial topology.
1 | Introduction
The preeminent theoretical framework for the study of the fundamental structures ofnature is string theory. String theory provides a consistent theory of quantum gravityand a unified description of the fundamental forces. It has led to new insights intothe character of quantum field theories, which underlie the description of phenomena ofhigh energy and condensed matter physics. An instance of these insights is the dualitybetween gravitational theories and gauge field theories (gauge/gravity duality) whichhas been extensively studied in recent years and produced fascinating results in variousdisciplines of physics and mathematics.
String Theory
String theory was formulated in the late 1960’s as a theory of hadronic interactions. Itwas abandoned in favor of Quantum Chromodynamics but it was soon realized that itcould serve as a theory of quantum gravity with the potential of unifying all forces ofnature.Contrary to the quantum field theories of elementary particles which treat the latteras mathematical points in spacetime, the fundamental objects in string theory are one-dimensional i.e. strings, open or closed. As a string evolves in time it sweeps a two-dimensional surface known as the worldsheet of the string. The string can oscillate invarious modes and at large distances compared to the characteristic string length `s,each mode gives rise to a different species of particle. In the spectrum of string theorythere is a massless particle with spin two whose interactions are that of a graviton. Thus,although modified at high energies, general relativity is naturally incorporated in stringtheory. In addition, Yang-Mills theories which are the cornerstone of the Standard Modelof high-energy physics, also arise in string theory, rendering the latter a framework forthe unification of all forces.In perturbative string theory the interactions are described by smooth worldsheets ofvarious topologies and hence the interaction does not take place on a singular point inspacetime. This is in contrast with conventional particle physics where the interactionsare located on singular points of the interacting particles’ worldlines. As a consequencethe structure of the interactions in string theory is uniquely determined by the freetheory rather than being arbitrary as in quantum field theories. In addition, becausethe worldsheets are smooth the amplitudes in string perturbation theory are free of
9
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ultraviolet divergences.The action of an supersymmetric string (superstring) reads
S = 14pi`2s
∫ d2σ√g(gab∂aXµ∂bXµ + i2ψ¯γµ∂µψ
) (1.1)
Here gab is the metric on the worldsheet and γµ Dirac matrices in two dimensions.Xµ are worldsheet scalars describing the embedding of the string in spacetime, and ψ areworldsheet fermions. Depending on the boundary conditions of the fermions there aretwo sectors for the open supestring. The Neveu-Schwarz (NS) sector corresponding toanti-periodic boundary conditions and the Ramond (R) sector corresponding to periodicboundary conditions. The massless spectrum consists of a vector and Majorana-Weylfermion. The closed string spectrum is obtained by tensoring right-moving and left-moving modes each of which are similar to the open string modes. There are thus foursectors for the closed string states: NS⊗NS, NS⊗R, R⊗NS and R⊗R. Spacetime bosonscome from the sectors where the boundary conditions for the fermions are the same forright-moving and left-moving modes i.e. the NS⊗NS and R⊗R sectors while spacetimefermions come from the rest of the sectors. The massless spectrum of the NS⊗NS sectorcontains the graviton, a two form Bµν and a scalar φ the dilaton. The R⊗R sectorcontains antisymmetric tensor fields or p-forms with various number of indices.There are five superstring theories depending on the number of supercharges, theirchirality and the inclusion or not of open strings:
• type IIA: 16 + 16 supercharges of opposite chirality; the theory contains orientedclosed strings.
• type IIB: 16 + 16 supercharges of the same chirality; the theory contains orientedclosed strings
• type I: 16 supercharges; the theory contains unoriented closed and open strings;SO(32) gauge group.
• HO heterotic: 16 supercharges; the theory contains closed oriented strings; hybridbetween superstring and bosonic string; SO(32) gauge group
• HE heterotic: 16 supercharges; the theory contains closed oriented strings; hybridbetween superstring and bosonic string; E8 × E8 gauge groupSince string theory contains massless particles separated by a large mass gap, in-versely proportional to the string length `s, from the massive states of the spectrum it isnatural to study the effective low-energy theories. These are typically supergravity the-ories and in the case of open strings (super) Yang-Mills theories. The massless spectrumof the five superstring theories is summarized in table 1.1.Although perturbatively it appears that there are five distinct superstring theories,these are connected via a web of dualities i.e. the five superstring theories are equivalent
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Neveu-Schwarz Ramond
type IIA gµν , Bµν , φ Aµ, Aµ1µ2µ3
type IIB gµν , Bµν , φ A, Aµν , Aµ1...µ4
type I g,φ Aµν
HO/HE hetrotic gµν , Bµν , φ -
Table 1.1: The massless spectrum of superstring theories
or in other words there is a unique theory underlying them. One type of duality is calledS-duality. Two string theories are related via S-duality if one of them evaluated at strongcoupling is equivalent to the other one evaluated at weak coupling. S-duality connectsHO superstring theory to type I whereas type IIB is selfdual.Another duality is T-duality which relates different compactifications of different the-ories. Let theory A have a compact dimension that is a circle of radius RA and theory Ba compact dimension of radius RB . These theories are equivalent via T-duality if
RARB = `2s (1.2)
More complicated examples involve compact spaces such as tori and Calabi-Yau mani-folds. T-duality relates IIA and IIB theories as well as HE and HO theories.Finally, there is an eleven dimensional non-perturbative extension of the superstringtheories known as M-theory. The low energy dynamics of M-theory is captured byeleven-dimensional supergravity which consists of the graviton and a 3-form potential.M-theory arises as the strong coupling limit of type IIA superstring theory; type IIAtheory has a circular eleventh dimension which decompactifies in the strong couplinglimit yielding M-theory. The HE heterotic theory is also connected to M-theory in asimilar way.The web of dualities is summarized in figure 1.1.Another non-perturbative aspect of string theory are D-branes. Dp-branes are spa-tially p-dimensional objects which arise as solitons in string theory. They are extendedsurfaces in spacetime where strings can end; D stands for Dirichlet boundary condi-tions. Their tension or energy density diverges as the string coupling gs goes to zeroand hence they are absent from string perturbation theory. Another characteristic is thatthey carry a charge that couples to the p-form Ramond-Ramond fields. In the low energyapproximation they appear as extremal p-brane solutions of supergravity theories.The end of an open string carries a charge and on the worldvolume of the D-branethere is an abelian gauge field which carries the associated flux. On a stack of n coinci-
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Figure 1.1: The web of dualities relating the superstring theories and M-theory
dent Dp-branes the associated theory at low energies, living on the p+1 worldvolume, isa super Yang-Mills theory with gauge group U(n). There are n2 gauge bosons Aijµ whicharise from open strings whose ends lie on the ith and jth D-brane respectively. Themass of the gauge bosons is proportional to the separation of the ith and jth D-brane.Hence when the D-branes are separated the symmetry is broken down to U(1)n.
Supersymmetry
Supersymmetry is a putative symmetry of nature which has played a prominent role inrecent developments in high energy physics. It is an extension of the Poincaré symmetryof spacetime which relates bosons, particles with integer spin, and fermions, particleswith half-integer spin. A central motivation for supersymmetry is the resolution of the hi-erarchy problem of the Standard Model of particle physics. The Higgs boson mass in theStandard Model is subject to quadratically divergent quantum corrections which drive itclose to the Planck mass. Supersymmetry alleviates the divergent quantum correctionsby introducing cancellations between fermionic and bosonic Higgs interactions. Super-symmetry also allows for gauge coupling unification and provides candidate dark matterparticles. Finally, supersymmetry is a key ingredient of string theory as it removes thetachyon that appears in the spectrum of the bosonic string theory.Requiring supersymmetry to be a local symmetry, general relativity appears as a con-sequence and the resulting theory is a supergravity theory. Supergravity is appealingas a physical theory, as supersymmetry imposes stringent constraints on its dynam-ics and field content, giving rise to rich mathematical structures. Supersymmetry hasthe property of alleviating the divergent ultraviolet behaviour of quantum field theoriesand thereupon, supergravity was originally conceived as a fundamental theory, capableof eliminating the non-renormalizable divergences that appear in the construction of aquantum theory of gravity. The current view is that although local supersymmetry im-proves the high-energy behaviour of quantum gravity, supergravity is an effective ratherthan a fundamental theory of nature. As mentioned earlier the massless sector of the
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spectrum of superstring theories is described by supergravity and thus by studying thebehaviour of classical supergravity solutions, one retrieves valuable information aboutthe low-energy dynamics of superstring theories. In addition, many results establishedat the supergravity level, such as dualities connecting different coupling regimes of var-ious supergravity theories, can be elevated to the superstring level.
Supersymmetric compactifications
Superstring theories and M-theory reside in ten and eleven dimensions respectively. Inpursuit of realistic vacua one thus considers compactifications of superstring theories orM-theory on six or seven-dimensional compact manifolds. Usually one works in the low-energy limit i.e. supergravity theories. Supersymmetry is a desired symmetry of suchbackgrounds as the conditions for supersymmetry imply the equations of motion1 andare easier to solve compared to the latter. In addition supersymmetry imposes constrainson the geometry of the compact internal manifolds.Requirement of supersymmetry is equivalent to the existence of a spinorial parameterε such that the variations δε of the supergravity fields under supersymmetry transfor-mations vanish. Typically the supersymmetric conditions come from the variation of thefermionic fields (which are set to zero) and are differential or algebraic.Extensively studied compactifications are those in which all the p-form fields orfluxes are set to zero. The requirement for supesymmetry in this case is equivalent tothe existence of a parallel spinor ε on the internal manifold
∇µε = 0 . (1.3)
There is a one-to-one correspondence between parallel spinors and spinors invariant un-der the holonomy group Hol(∇) so that the internal manifolds admitting parallel spinorsare special holonomy manifolds [1]. Typical examples are manifolds of SU(3) holon-omy or Calabi-Yau manifolds in six dimensions and manifolds of G2 holonomy in sevendimensions.More general compactifications are flux compactifications where the p-form fields areturned on. In that case the internal space is no longer a manifold of special holonomy;there is a back-reaction of the fluxes on the geometry. An organizational principle ofthis back-reaction is that of G-structures.A G-structure on an n-dimensional manifold M , for a given structure group G, isa G-subbundle of the tangent frame bundle of M . The structure group of the latteris in general GL(n,R) and tensors on M transform in a representation of GL(n,R). Ifa G-structure reduces GL(n,R) to G, then singlets may occur in the decomposition ofGL(n,R) tensors into irreducible representations of G and these singlets can be used asan alternative definition of the G-structure. In the case of supersymmetric backgrounds
1The Bianchi identities for the Ramond-Ramond fields need to be imposed independently.
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the existence of globally defined spinors on a n-dimensional spin manifold reduces theSpin(n) structure group to G, where G ⊂ Spin(n) is the stability subgroup of the spinors.G-invariant tensors can then be constructed as bilinears of the spinors.In the presence of fluxes (1.3) is modified as
∇tµε = 0 (1.4)
where ∇t is a generalized connection comprising the Levi-Civita connection as well fluxcontributions. The intrinsic torsion ∇t −∇ can then be decomposed into G-modules i.e.torsion classes which fully characterize the G-structure.As an example we consider the case of an SU(3) structure in six dimensions. It isdefined by the existence of a Weyl spinor ε, or equivalently by a real two-form ω and acomplex three-form Ω constructed as spinor bilinears, and satisfying
ω ∧Ω = 0 , Ω ∧ Ω¯ = 8i3!ω ∧ ω ∧ ω = 8ivol6 (1.5)
In the case that ε is parallel
dω = dΩ = 0 (1.6)
and the six-manifold is Calabi-Yau manifold of SU(3) holonomy. ω and Ω are then theKälher and holomorphic (3,0) form respectively. More generally ε is parallel with respectto a generalized connection. In that case ω and Ω are no longer closed but satisfy
dω = −32Im (w¯1Ω) +w4 ∧ ω +w3 ,dΩ = w1ω ∧ ω +w2 ∧ ω + w¯5 ∧Ω (1.7)
where wi are the torsion classes. The presence or not of a torsion class characterizesthe six-manifold and examples are given in table 1.2 [2].
Gauge/Gravity duality
The connection between certain limits of gauge field theories and theories that de-scribe string excitations has a long history [3] but it was concretely realized by theAnti-deSitter/Conformal Field Theory (AdS/CFT) correspondence [4, 5, 6]. The AdS/CFTcorrespondence emerged from the study of dynamics of D-branes in string theory andprovides an explicit example of a duality between a gauge field theory without gravita-tional degrees of freedom and a theory of gravity, string theory, on certain backgrounds.Furthermore, the gravitational theory resides in a higher dimensional spacetime andthus the AdS/CFT correspondence realizes a proposed property of quantum gravity, theholographic principle, which states that the degrees of freedom of a region of space areencoded on its boundary. The AdS/CFT correspondence and its generalizations are a
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torsion classes manifold
w1 = w2 = 0 complex
w1 = w3 = w4 = 0 symplectic
w1 = w2 = w3 = w4 = 0 Kälher
w1 = w2 = w4 = w5 = 0 special hermitean
Imw1 = Imw2 = w4 = w5 = 0 half-flat
w1 = w2 = w3 = w4 = w5 = 0 Calabi-Yau
Table 1.2: Examples of six-dimensional geometries with vanishing SU(3) torsion classes
broad and active field of research. It provides a framework for studying the strongly cou-pled limit of quantum field theories, which is typically inaccessible via the conventionalmethods of field theory and which becomes important in the study of the low-energydynamics of Quantum Chromodynamics and in certain condensed matter systems. Inaddition, it represents a complete formulation of a quantum theory of gravity, in termsof a quantum field theory.The prototypical example of the AdS/CFT correspondence involves type IIB super-string theory on AdS5 × S5 on one side and four-dimensional N = 4 supersymmetricYang-Mills theory with SU(n) gauge group on the other side.Consider a stack of N coincident D3 branes in type IIB superstring theory. Thereare two complementary points of view of this system. One point of view depicts theD3 branes as the host of the open-string excitations and involves perturbation theoryaround flat spacetime. This picture is valid for gsN  1. The low energy limit consistsof massless open and closed strings. The spectrum of massless open strings is that of
N = 4 super-Yang-Mills with SU(N) gauge group living on the worldvolume of the D3branes whereas in the bulk the massless spectrum of the closed strings is that of IIBsupergravity. At low energy the open strings remain interacting, as the gauge couplingis dimensionless in 3+1 dimensions while the closed strings have irrelevant interactionsand decouple. The second point of view depicts the D3 branes as a source of closedstrings and involves perturbation theory around the black 3-brane background. Thispicture is valid for gsN  1. The black 3-brane background for N units of flux is
ds2 = H−1/2dx24 +H1/2(r)(dr2 + r2dΩ25) ,F5 = 2piN(1 + ?)vol(S5)pi3 , (1.8)
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N = 4 SU(N) super Yang-Mills type IIB string theory on AdS5 × S5
all N and gYM full quantum theory
fixed g2YMN and N →∞ classical limit
large g2YMN and N →∞ classical supergravity limit
Table 1.3: Limits of the AdS5/CFT4 correspondence
where dΩ25 is the metric of a five-sphere of radius one, and
H(r) = 1 + L4r4 , L4 = 4pigsN`4s . (1.9)H(r) asymptotes to 1 as r → ∞ so that the metric is asymptotically flat. In the ‘nearhorizon’, small r limit the metric becomes
ds2 ' r2L2 dx24 + L2 dr2r2 + L2dΩ25 . (1.10)The first two terms are that of an AdS5 metric while the last term is the metric ofS5. The curvature radius is L for both metrics. When gsN  1 the curvature radiusis large compared to the string length `2s = α ′ so the supergravity theory is a valideffective description but it breaks down when gsN  1. As in the first picture there aremassless closed strings away from the brane. Near the horizon there are states of lowenergy because of the large redshift factor; these include the massless states but alsothe massive string states.‘Merging’ the two viewpoints we arrive at the conjectured equivalence between N = 4SU(N) super-Yang Mills and type IIB string theory on AdS5×S5. The super-Yang-Millstheory has two parameters, the number of colors N and the gauge coupling g2YM . Onthe string theory side these correspond to the amount of flux through S5 and the stringcoupling gs respectively. Depending on the range of the parameters there are variouslimits of the correspondence which we summarize in table 1.3.The symmetries on the two sides match as follows. The bosonic subgroup of thesuperconformal group, under which super-Yang Mills is invariant, is SO(4, 2) × SU(4)where SO(4, 2) is the group of conformal transformations in four dimensions and SU(4) 'SO(6) is the R-symmetry group. This corresponds to the isometries of AdS5 and S5respectively. In addition, the superconformal group in four dimensions possesses 32supercharges and this is the number of supercharges conserved by AdS5 × S5 in typeIIB supergravity.According to the holographic dictionary formulated in [5, 6] the gauge theory resideson the boundary at infinity of anti-deSitter space. The boundary values φ0 of fields φ
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propagating in the bulk of anti-deSitter space play the role of sources for dual operatorsin the gauge theory. This leads to the relation〈e∫ ddx φ0(x)O(x)〉CFT = Zstring[φ0(x)] , (1.11)where the left-hand side is the generating functional of correlation function for the op-erator O and the right-hand side is the string theory partition function with boundaryvalue φ0 for the φ field in AdS. In the supegravity approximation
Zstring[φ0(x)] ' e−Ssugra[φ0] , (1.12)
where Ssugra is the supergravity action. Equations (1.11) and (1.12) result in the freeenergy F = − log |ZCFT| of the CFT being equal to the the action Ssugra evaluated on thedual supergravity background.In general the AdS/CFT correspondence can be defined on backgrounds of stringor M theory whose geometry possesses an SO(d + 2, 2) symmetry; such backgroundsare (warped) products of anti-deSitter space and a compact manifold Y and p-formpotentials or fluxes which preserve the SO(d+2, 2) symmetry. Furthermore, the AdS/CFTcorrespondence is expected to hold for spacetimes which are only asymptotically anti-deSitter, such as anti-deSitter black holes which are dual to quantum field theories atfinite temperature. It is thus of great interest to study the properties of anti-deSittervacua of string and M-theory and deformations of anti-deSitter spacetime.Extensively studied anti-deSitter backgrounds of supergravity theories are directproducts of anti-deSitter spacetime with an Einstein manifold Y (or an orbifold thereof).Also known as Freund-Rubin compactifications, this class of backgrounds constitutesa first deviation from the case where Y is the round sphere, and arise as the nearhorizon limit of branes placed on the singularity of the cone C (Y ) ' R+ × Y over Y .Requirement of supersymmetry translates into C (Y ) being a manifold of special holonomy[7] or equivalently Y admitting Killing spinors i.e. spinors ε satisfying
∇µε = 12γµε . (1.13)
In the case of AdS5×Y5 backgrounds Y5 are Sasaki-Einstein manifolds, while in the caseof AdS4×Y7 backgrounds, Einstein manifolds Y7 admitting Killing spinors together withthe associated cones C (Y7) are summarized in table 1.4.Considerable research effort has been devoted to a systematic search and classifica-tion of generic supersymmetric anti-deSitter vacua and has produced important resultswhich add to the outcome of the research on the field theory side of the correspon-dence. Comprehensive studies of general supersymmetric AdS geometries, in differentdimensions, have appeared in [8, 9, 10, 11, 12]. The classification relied on the methodof G-structures [13] which has proven a powerful mathematical tool in studying super-
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C (Y7) Y7 supercharges
R8 S7 (8, 8)
hyper-Kälher three-Sasaki (3, 0)
Calabi-Yau Sasaki-Einstein (2, 0)
Spin(7) weak G2 holonomy (1, 0)
Table 1.4: Seven-manifolds admitting Killing spinors
symmetric backgrounds of supergravity theories.
M2 branes and AdS4/CFT3Already in the renowned paper of Maldacena [4], it was suggested that M-theory onAdS4 × S7 i.e. the near-horizon limit of the membrane solution of eleven-dimensionalsupergravity, is dual to the field theory capturing the low-energy dynamics of M2 branes.Despite early efforts to formulate an AdS4/CFT3 correspondence [14] the latter remainedunderdeveloped due the elusive nature of the field theories living on the worldvolume ofM2 branes.This situation changed radically with the seminal work of [15, 16, 17] which identifiedthe field theories describing the dynamics of multiple M2-branes and sparked greatprogress in understanding the AdS4/CFT3 correspondence in M-theory.The theory proposed in [15, 16] as a worldvolume description of multiple M2-branesis based on a non-associative generalization of Lie algebra, a 3-algebra. The theoryhas N = 8 supersymmetry with manifest SO(8) R-symmetry. The theory introducedin [17], known as the ABJM theory, describes the low energy dynamics of M2-branesplaced at the origin of the C4/Zk orbifold. ABJM theory is a three-dimensional Chern-Simons-matter theory whose gauge group is U(N)× U(N), with Chern-Simons terms ofopposite levels k and −k for each unitary group. The matter content comprises four chiralmultiplets in the bifundamental representations (N, N¯) and (N¯,N) of the gauge group; itis summarised in the quiver diagram 1.2. ABJM theory possesses N = 6 supersymmetrywhich is enhanced to N = 8 for k = 1 or k = 2. In the latter case ABJM coincideswith the theory constructed in [15, 16]. The gravity dual of ABJM theory is M-theory onAdS4 × S7/Zk with N units of flux threading AdS4:
ds211 = 14L2ds2AdS4 + L2ds2S7/Zk , L6 = 25pi2kN`6pG ∝ NvolAdS4 . (1.14)




Figure 1.2: The quiver diagram of ABJM theory
Here `p is the Planck length.Following this breakthrough many AdS4/CFT3 dualities were discovered includinginfinite families [18] - [26]. On the gravity side, the simplest setup is that of Freund-Rubin AdS4 × SE7 backgrounds of M-theory, where SE7 is a Sasaki-Einstein manifold2.These are conjectured to be dual to the theory on a large number N of M2-branes placedat a Calabi-Yau four-fold singularity. Rather generally, these field theories are believedto be strongly coupled Chern-Simons-matter theories at a conformal fixed point.Thus far, almost all attention has been focused on AdS4 × SE7 solutions. This isfor the simple reason that very few AdS4 solutions outside this class are known. Anexception is the Corrado-Pilch-Warner solution [27], which describes the infrared fixedpoint of a massive deformation of the maximally supersymmetric ABJM theory on N M2-branes in flat spacetime. This solution is topologically AdS4 × S7, but the metric on S7is not round, and there is a non-trivial warp factor and internal four-form flux on the S7.The group of isometries of S7 is SU(3) × U(1) × U(1) but the four form flux is chargedunder one of the U(1)’s and thus breaks this symmetry group to SU(3)×U(1). The dualgauge theory has been recently studied in [25, 28, 29], and in particular in [25] the freeenergy F of the N = 2 superconformal fixed point was shown to match the free energycomputed using the gravity dual solution.The Corrado-Pilch-Warner solution has a simple generalization to massive deforma-tions of N M2-branes at a CY3×C four-fold singularity, where CY3 denotes an arbitraryCalabi-Yau three-fold cone singularity. Along these lines, AdS4 × S7 solutions withSU(2)× U(1)2 and U(1)3 isometry were constructed in [30] and [31] respectively.However, a systematic classification of the most general N = 2 supersymmetric AdS4solutions of M-theory with non-zero M2 brane charge, beyond the Freund-Rubin class,and a study of their properties in the context of AdS4/CFT3 was absent. It is one of theaims of the present thesis to provide one.
Rigid supersymmetry in curved space and holography
While gravity computations are relatively amenable, obtaining results directly in thethree-dimensional strongly coupled field theories has been prohibitively difficult until
2Particular cases with N > 2 include three-Sasakian manifolds and orbifolds of the round seven-sphere.
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recently. For this reason, non-trivial quantitative tests of the AdS4/CFT3 correspondencewere not available. This situation has improved considerably with the results of [32, 33,34] who showed that the partition function Z of N = 2 supersymmetric field theories onthe three-sphere can be reduced to a finite-dimensional matrix integral using localizationtechniques.The basic idea of localization is the following. Given a supersymmetric theory withaction S(φ) and a supercharge Q, one can deform the partition function as
Z (t) = ∫ Dφ e−S(φ)−tδQV , (1.15)
where V is an operator invariant under δ2Q . In fact Z (t) is independent of t since
dZdt = −
∫ DφδQV e−S(φ)−tδQV = −∫ DφδQ (V e−S(φ)−tδQV) = 0 . (1.16)
In the final step in order to interpret the integrand as a total derivative one uses thefact that δQ is a symmetry of the path integral. The partition function Z (t) can then becomputed at t = 0 (where one recovers the original partition function) but also for othervalues of t, like t →∞. In this regime, the partition function simplifies; if V has a positivedefinite bosonic part (δQV )b, the limit t → ∞ localizes the integral to a submanifold offield space where
(δQV )b = 0 . (1.17)
It turns out that in many cases this submanifold is finite-dimensional. The same argumentapplies to supersymmetric observables such as supersymmetric Wilson loops.More generally localization techniques can be applied to supersymmetric field the-ories on compact curved backgrounds other than the three-sphere, thus motivating thesystematic study of rigid supersymmetry in curved space. In three dimensions the con-ditions for N = 2 supersymmetric field theories defined on a curved background havebeen studied in [35, 36] following the approach of [37]. The latter consists of couplingthe field theory to an off-shell formulation of supegravity and taking the rigid limit bysending the Planck mass to infinity. The theory then resides on a curved space in thepresence of background fields coming from off-shell supergravity. In particular there isa background gauge field which couples to the R-symmetry current. Supersymmetry ispreserved if there exists a spinor parameter such that the variation of the gravitini undersupersymmetry transformations vanish.Prior to the systematic analysis of [35, 36] examples of rigid supersymmetric back-grounds other than the round three-sphere were constructed in [38] and [39]. In particular,a U(1)×U(1)-symmetric background comprising a one-parameter squashed three-spherewas presented in [38] and two different SU(2)×U(1)-symmetric backgrounds comprisinga biaxially squashed three-sphere were presented in [38] and [39] respectively. These
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backgrounds include an abelian gauge field coupling to the R-symmetry current of thefield theory. In all cases the partition function of an N = 2 supersymmetric gauge theorydefined on these backgrounds can be computed exactly using localization, and reducesto a matrix model involving the double sine function sβ(z), where β is related to thesquashing parameter.When a field theory defined on (conformally) flat space admits a gravity dual, it isnatural to extend the holographic duality to cases where this field theory can be put ona non-trivial curved background. It is expected that field theories on curved manifoldscorrespond to deformations of anti-deSitter space i.e. asymptotically locally anti-deSitterspacetimes . In the present thesis we explore such holographic duals and compare theirproperties against those of the dual field theories.
The rest of the thesis is based on [40] and [41].
2 | N = 2 supersymmetric AdS4 solutions of M-theory
2.1 Preview
In this chapter we systematically study the most general class of N = 2 supersymmetricAdS4 solutions of M-theory. These have an eleven-dimensional metric which is a warpedproduct of AdS4 with a compact Riemannian seven-manifold Y7. In order that the SO(3, 2)isometry group of AdS4 is a symmetry group of the full solution, the four-form fieldstrength necessarily has an “electric” component proportional to the volume form of AdS4,and a “magnetic” component which is a pull-back from Y7. We show, with the exceptionof the Sasaki-Einstein case, that the geometry on Y7 admits a canonical local SU(2)-structure, and determine the necessary and sufficient conditions for a supersymmetricsolution in terms of this structure. In particular, Y7 is equipped with a canonical Killingvector field ξ , which is the geometric counterpart to the u(1) R-symmetry of the dual
N = 2 superconformal field theory.Purely magnetic solutions correspond physically to wrapped M5-brane solutions,and we correspondingly recover the supersymmetry equations in [42] from our analysis.There is a single known solution in the literature, where Y7 is an S4 bundle over athree-manifold Σ3 equipped with an Einstein metric of negative Ricci curvature. On theother hand, solutions with non-vanishing electric flux have a non-zero quantized M2-brane charge N ∈ N, and include the Sasaki-Einstein manifold solutions as a specialcase where the magnetic flux vanishes. For the general class of solutions with non-vanishing M2-brane charge, we show that supersymmetry endows Y7 with a canonicalcontact structure, for which the R-symmetry vector field ξ is the unique Reeb vectorfield. A number of physical quantities can then be expressed purely in terms of con-tact volumes, including the gravitational free energy referred to above, and the scalingdimension of BPS operators OΣ5 dual to probe M5-branes wrapped on supersymmetricfive-submanifolds Σ5 ⊂ Y7. These formulae may be evaluated using topological and lo-calization methods, allowing one to compute the free energy and scaling dimensions ofcertain BPS operators without knowing the detailed form of the supergravity solution.In our analysis we recover the Corrado-Pilch-Warner solution as a solution to oursystem of SU(2)-structure equations. We also show that this solution is in a subclass of
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solutions which possess an additional Killing vector field. For this subclass the super-symmetry conditions are equivalent to specifying a (local) Kähler-Einstein four-metric,together with a solution to a particular second order non-linear ODE. We show thatthis ODE admits a solution with the correct boundary conditions to give a gravity dualto the infrared fixed point of cubic deformations of N M2-branes at a CY3 × C four-foldsingularity. In particular, when CY3 = C3 equipped with its flat metric, this leads to anew, smooth N = 2 supersymmetric AdS4 × S7 solution of M-theory.
2.2 The conditions for supersymmetry
In this section we analyse the general conditions for N = 2 supersymmetry for a warpedAdS4 × Y7 background of eleven-dimensional supergravity.
2.2.1 Ansatz and spinor equations
The bosonic fields of eleven-dimensional supergravity consist of a metric g11 and a three-form potential C with four-form field strength G = dC . The signature of the metric is(−,+,+, . . . ,+) and the action is
S = 1(2pi)8`9p
∫ (R ∗11 1− 12G ∧ ∗11G − 16C ∧ G ∧ G
) , (2.1)
with `p the eleven-dimensional Planck length. The resulting equations of motion are
RMN − 112
[GMPQRGNPQR − 112(g11)MNG2
] = 0 ,
d ∗11 G + 12G ∧ G = 0 , (2.2)
where M,N = 0, . . . , 10 denote spacetime indices.We consider AdS4 solutions of M-theory of the warped product form
g11 = e2∆ (gAdS4 + g7) ,G = mvol4 + F . (2.3)
Here vol4 denotes the Riemannian volume form on AdS4, and without loss of generalitywe take RicAdS4 = −12gAdS4 .1 In order to preserve the SO(3, 2) invariance of AdS4 wetake the warp factor ∆ to be a function on the compact seven-manifold Y7, and F to bethe pull-back of a four-form on Y7. The Bianchi identity dG = 0 then requires that mis constant. The case in which m 6= 0 will turn out to be quite distinct from that withm = 0.
1 The factor here is chosen to coincide with standard conventions in the case that Y7 is a Sasaki-Einsteinseven-manifold. For example, the AdS4 metric in global coordinates then reads gAdS4 = 14 (− cosh2 ρ dt2 +dρ2 + sinh2 ρ dΩ22), where dΩ22 denotes the unit round metric on S2.
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In an orthonormal frame, the Clifford algebra Cliff(10, 1) is generated by gamma ma-trices ΓA satisfying {ΓA,ΓB} = 2ηAB , where the frame indices A,B = 0, . . . , 10, andη = diag(−1, 1, . . . , 1), and we choose a representation with Γ0 · · ·Γ10 = 1. The Killingspinor equation is
∇Mε + 1288 (ΓMNPQR − 8δMNΓPQR)GNPQR ε = 0 , (2.4)
where ε is a Majorana spinor. We may decompose Cliff(10, 1) ∼= Cliff(3, 1)⊗Cliff(7, 0) via
Γα = γˆα ⊗ 1 , Γa+3 = γˆ5 ⊗ γa , (2.5)
where α, β = 0, 1, 2, 3 and a, b = 1, . . . , 7 are orthonormal frame indices for AdS4 andY7 respectively, {γˆα , γˆβ} = 2ηαβ , {γa, γb} = 2δab, and we have defined γˆ5 = iγˆ0γˆ1γˆ2γˆ3.Notice that our eleven-dimensional conventions imply that γ1 · · · γ7 = i1.The spinor ansatz preserving N = 1 supersymmetry in AdS4 is
ε = ψ+ ⊗ e∆/2χ + (ψ+)c ⊗ e∆/2χc , (2.6)
where ψ+ is a positive chirality Killing spinor on AdS4, so γˆ5ψ+ = ψ+, satisfying
∇µψ+ = γˆµ(ψ+)c . (2.7)
The superscript c in (2.6) denotes charge conjugation in the relevant dimension, and thefactor of e∆/2 is included for later convenience. Substituting (2.6) into the Killing spinorequation (2.4) leads to the following algebraic and differential equations for the spinorfield χ on Y7.
12γn∂n∆χ − im6 e−3∆χ + 1288e−3∆Fnpqrγnpqrχ + χc = 0 ,∇mχ + im4 e−3∆γmχ − 124e−3∆Fmpqrγpqrχ − γmχc = 0 . (2.8)
For a supergravity solution one must also solve the equations of motion (2.2) resultingfrom (2.1), as well as the Bianchi identity dG = 0.Motivated by the discussion in the introduction, we will focus on N = 2 supersym-metric AdS4 solutions for which there are two independent solutions χ1, χ2 to (2.8). Thegeneral N = 2 Killing spinor ansatz may be written as
ε = ∑i=1,2
(ψ+i ⊗ e∆/2χi + (ψ+i )c ⊗ e∆/2χci ) . (2.9)
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In general the two Killing spinors ψ+i on AdS4 satisfy an equation of the form
∇µψ+i = 2∑j=1 Wij γˆµ(ψ+j )c . (2.10)
Multiplying by ψ¯+k γˆµ on the left it is not difficult to show that Wij is necessarily aconstant matrix. Using the integrability conditions of (2.10),∑
j WijW ∗jk = δik , (2.11)
one can verify that, without loss of generality, by a change of basis we may takeWij = δijto be the identity matrix. Thus ψ+1 and ψ+2 may both be taken to satisfy (2.7).In this case with N = 2 supersymmetry there is a u(1) R-symmetry which rotates thespinors as a doublet. It is then convenient to introduce
χ± ≡ 1√2 (χ1 ± iχ2) , (2.12)
which will turn out to have charges ±2 under the Abelian R-symmetry. In terms of thenew basis (2.12), the spinor equations (2.8) read
12γn∂n∆χ± − im6 e−3∆χ± + 1288e−3∆Fnpqrγnpqrχ± + χc∓ = 0 ,∇mχ± + im4 e−3∆γmχ± − 124e−3∆Fmpqrγpqrχ± − γmχc∓ = 0 . (2.13)
2.2.2 Preliminary analysis
The condition of N = 2 supersymmetry means that the spinors χ1, χ2 in (2.9) are linearlyindependent. Notice that we are free to make GL(2,R) transformations of the pair (χ1, χ2),since this leaves the spinor equations (2.13) invariant. We shall make use of this freedombelow.The scalar bilinears are χ¯iχj and χ¯ci χj , which may equivalently be rewritten in the χ±basis (2.12). The differential equation in (2.8) immediately gives∇(χ¯1χ1) =∇(χ¯2χ2) = 0,so that using R∗×R∗ ⊂ GL(2,R) we may without loss of generality set χ¯1χ1 = χ¯2χ2 = 1.Setting C = 1 in (A.3), the algebraic equation in (2.8) thus leads to
2Im [χ¯ci χj] = −m3 e−3∆χ¯iχj , (2.14)
where i, j ∈ {1, 2}. We immediately conclude that for m 6= 0 we have
Im [χ¯1χ2] = 0 . (2.15)
When m = 0 this statement is not necessarily true. The case with m = 0 and Im [χ¯1χ2]
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not identically zero is discussed separately in subsection 2.5.2, where we show thatthere are no regular solutions in this class. We may therefore take (2.15) to hold in allcases.It is straightforward to analyse the remaining scalar bilinear equations. In particular,Re [χ¯1χ2] is constant, and using the remaining GL(2,R) freedom one can without loss ofgenerality set Re [χ¯1χ2] = 0.2 In the χ± basis (2.12) we may then summarize the resultsof this analysis as
χ¯+χ+ = 1 = χ¯−χ− , χ¯+χ− = 0 ,χ¯c+χ+ ≡ S = (χ¯c−χ−)∗ , χ¯c+χ− = −im6 e−3∆ . (2.16)
where S is a complex function on Y7. We also define the one-form bilinears
K ≡ iχ¯c+γ(1)χ− , L ≡ χ¯−γ(1)χ+ ,χ¯+γ(1)χ+ ≡ −P = −χ¯−γ(1)χ− . (2.17)
Here we have denoted γ(n) ≡ 1n!γm1···mndym1 ∧ · · · ∧ dymn . A priori notice that K and Lare complex, while P is real.
2.2.3 The R-symmetry Killing vector
The spinor equations (2.13) imply that
2ImK = dIm [χ¯1χ2] = 0 , (2.18)
where we have used (2.15). Thus in fact K is real, and it is then straightforward to showthat K is a Killing one-form for the metric g7 on Y7, and hence that the dual vector fieldξ ≡ g−17 (K, · ) is a Killing vector field. More precisely, one computes
∇(mKn) = −2i Im [χ¯1χ2]g7mn = 0 . (2.19)
Using the Fierz identity (A.6) one computes the square norm
∥∥ξ∥∥2 ≡ g7(ξ, ξ) = |S|2 + m236 e−6∆ . (2.20)
In particular when m 6= 0 we see that ξ is nowhere zero, and thus defines a one-dimensional foliation of Y7. In the case that m = 0 this latter conclusion is no longertrue in general, as we will show in section 2.2.7 via a counterexample.The algebraic equation in (2.13) leads immediately to Lξ∆ = 0, and using both
2 In the special case that Re [χ¯1χ2] = 1 one can show that χ1 = χ2, which in turn leads to only N = 1supersymmetry.
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equations in (2.13) one can show that
d(e3∆ χ¯c+γ(2)χ−) = −iξyF . (2.21)
It follows that
LξF = d(ξyF ) + ξydF = 0 , (2.22)
provided the Bianchi identity dF = 0 holds.3 Thus ξ preserves all of the bosonic fields.One can also show that
Lξχ± = ±2iχ± , (2.23)
so that χ± have charges ±2 under ξ . Perhaps the easiest way to prove this is to usethe remaining non-trivial scalar bilinear equation
e−3∆d(e3∆S) = 4L , (2.24)
to show that
LξS = 4iS . (2.25)
Since ξ preserves all of the bosonic fields, we may take the Lie derivative of the spinorequations (2.13) to conclude that Lξχ± satisfy the same equations, and hence Lξχ± arelinear combinations of χ±. The Lie derivatives of the scalar bilinears, in particular (2.25),then fix (2.23).4 We thus identify ξ as the canonical vector field dual to the R-symmetryof the N = 2 SCFT.
2.2.4 Equations of motion
Given our ansatz, the equation of motion and Bianchi identity for G reduce to
d(e3∆ ? F) = −mF , dF = 0 , (2.26)
where ? denotes the Hodge star operator on Y7. We begin by showing that supersym-metry implies the equation of motion, and that for m 6= 0 it also implies the Bianchiidentity.The imaginary part of the bilinear equation for the three-form χ¯c+γ(3)χ− leads imme-diately to
mF = 6 d(e6∆Im [χ¯c+γ(3)χ−]) . (2.27)
3 In fact this is implied by supersymmetry when m 6= 0, as we will show shortly in section 2.2.4.4 More precisely, this argument is valid provided S is not identically zero. However, when S = 0 wenecessarily reduce to the Sasaki-Einstein case, as shown in subsection 2.5.1. In that case (2.23) also holds.
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Thus for m 6= 0 we deduce that F is closed. On the other hand, the bilinear equation forthe two-form χ¯+γ(2)χ+
e3∆ ? F = d(i e6∆χ¯+γ(2)χ+)− 6e6∆Im [χ¯c+γ(3)χ−] , (2.28)
gives, via taking the exterior derivative,
d(e3∆ ? F) = −6d(e6∆Im [χ¯c+γ(3)χ−]) = −mF , (2.29)
where in the second equality we have combined with equation (2.27). We thus see thatsupersymmetry implies the equation of motion in (2.26).Finally, using the integrability results of [43] one can now show that the Einsteinequation is automatically implied as an integrability condition for the supersymmetryconditions, once the G-field equation and Bianchi identity are imposed. In particular,note that the eleven-dimensional one-form bilinear k ≡ ε¯ Γ(1)ε is dual to a timelikeKilling vector field, as discussed in [44] and later in subsection 2.3.4. We thus conclude
For the class of N = 2 supersymmetric AdS4 solutions of the form (2.3), su-persymmetry and the Bianchi identity dF = 0 imply the equations of motionfor G and the Einstein equations. Moreover, when m 6= 0 the Bianchi identitydF = 0 is also implied by supersymmetry.
Note that similar results were obtained in both [9] and [12]. In fact we will seein subsection 2.2.7 that the m = 0 supersymmetry conditions also imply the Bianchiidentity, although the arguments we have presented so far do not allow us to concludethis yet.
2.2.5 Introducing a canonical frame
Provided the three real one-forms K,ReS∗L, ImS∗L defined in (2.17) are linearly in-dependent, we may use them to in turn define a canonical orthonormal three-frame{e5, e6, e7}5. More precisely, if these three one-forms are linearly independent at apoint in Y7, the stabilizer group G ⊂ Spin(7) of the pair of spinors χ± at that point is
G ∼= SU(2), giving a natural identification of the tangent space with C2⊕Re5⊕Re6⊕Re7.Here the SU(2) structure group acts on C2 in the vector representation. If this is true inan open set, it will turn out that we may go further and also introduce three canonicalcoordinates associated to the three-frame {e5, e6, e7}.6We study the case that K,ReS∗L, ImS∗L are linearly dependent in subsection 2.5.1.In particular, for m 6= 0 we conclude that at least one of S = 0 or ξ = 1 holds at such
5 We use S∗L here, as opposed to L, since S∗L is invariant under the R-symmetry generated by ξ . Inparticular, from the definitions in (2.17), and using (2.23), (2.25), we have that LξK = Lξ (S∗L) = 0.6 Just from group theory it must be the case that the one-form P in (2.17) is a linear combination of Kand S∗L, and indeed one finds that m6 e−3∆P = K + ImSL∗.
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a point. If this is the case over the whole of Y7 (or, using analyticity and connected-ness, if this is the case on any open subset of Y7) then we show that Y7 is necessarilySasaki-Einstein with F = 0. Of course, in general the three one-forms can become lin-early dependent over certain submanifolds of Y7, and here our orthonormal frame andcoordinates will break down.7 By analogy with the corresponding situation for AdS5solutions of type IIB string theory studied in [45], one expects this locus to be the sameas the subspace where a pointlike M2-brane is BPS, and thus correspond to the Abelianmoduli space of the dual CFT, although we will not pursue this comment further here.Returning to the generic case in which K,ReS∗L, ImS∗L are linearly independent insome region, we may begin by introducing a coordinate ψ along the orbits of the Reebvector field ξ , so that
ξ ≡ 4 ∂∂ψ . (2.30)
The equation (2.25) then implies that we may write
S = e−3∆ρ ei(ψ−τ) . (2.31)
This defines the real functions ρ and τ , which will serve as two additional coordinateson Y7. The factor of e−3∆ has been included partly for convenience, and partly to agreewith conventions defined in [42] that we will recover from the m = 0 limit in subsection2.2.7. Using (2.24) together with the Fierz identity (A.6), one can then check that
e5 ≡ 1|S|√1− ∥∥ξ∥∥2 ReS∗L = e
−3∆
4√1− ∥∥ξ∥∥2 dρ ,
e6 ≡ 6e3∆|S|m∥∥ξ∥∥√1− ∥∥ξ∥∥2
(K − ∥∥ξ∥∥2|S|2 ImS∗L
) = 3e3∆|S|∥∥ξ∥∥2m√1− ∥∥ξ∥∥2 (dτ +A ) ,
e7 ≡ 1∥∥ξ∥∥K = 14 ∥∥ξ∥∥ (dψ +A ) , (2.32)
are orthonormal. Here A is a local one-form that is basic for the foliation defined bythe Reeb vector field ξ , i.e. LξA = 0, ξyA = 0. Note here that
∥∥ξ∥∥2 ≡ gY7(ξ, ξ) = e−6∆36 (m2 + 36ρ2) , (2.33)
is the square length of the Reeb vector field. The metric on Y7 may then be written as
g7 = gSU(2) + (e5)2 + (e6)2 + (e7)2 . (2.34)
7 This is sometimes referred to as a dynamical SU(2) structure.
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We may now in turn introduce an orthonormal frame {ea}4a=1 for gSU(2), and define theSU(2)-invariant two-forms
J ≡ J3 ≡ e1 ∧ e2 + e3 ∧ e4 ,Ω ≡ J1 + iJ2 ≡ (e1 + ie2) ∧ (e3 + ie4) . (2.35)
Of course, such a choice is not unique – we are free to make SU(2)R rotations, underwhich JI , I = 1, 2, 3, transform as a triplet, where the structure group is G ∼= SU(2) =SU(2)L, and Spin(4) ∼= SU(2)L × SU(2)R is the spin group associated to gSU(2).
2.2.6 Necessary and sufficient conditions
Any spinor bilinear may be written in terms of {ei}7i=5, JI , having chosen a convenientbasis8 for the JI . Having solved for the one-forms in (3.14), the remaining differentialconditions arising from k-form bilinears, for all k ≤ 3, then be shown to reduce (aftersome lengthy computations) to the following system of three equations
e−3∆d [∥∥ξ∥∥−1(m6 e7 + e3∆|S|√1− ∥∥ξ∥∥2e6)] = 2J3 − 2∥∥ξ∥∥e5 ∧ e6 ,
d(∥∥ξ∥∥2 e9∆J2 ∧ e5)− e3∆|S|d(∥∥ξ∥∥ e6∆|S|−1J1 ∧ e6) = 0 ,d(e6∆J1 ∧ e5) + e3∆|S|d(∥∥ξ∥∥ e3∆|S|−1J2 ∧ e6) = 0 ,
(2.36)
where in addition the flux is determined by the equation
d(e6∆√1− ∥∥ξ∥∥2J2) = −e3∆ ? F − 6e6∆Im [χ¯c+γ(3)χ−] . (2.37)
Notice this is the same equation (2.28) we already used in proving that the equation ofmotion for G follows from supersymmetry. The bilinear on the right hand side is givenin terms of our frame by
Im [χ¯c+γ(3)χ−] = |S|J2 ∧ e5 − 1∥∥ξ∥∥ J1 ∧ (m6 e−3∆
√1− ∥∥ξ∥∥2e7 + |S|e6) . (2.38)
One can invert the expression for the flux using these equations to obtain
F = 1∥∥ξ∥∥e7 ∧ d
(e3∆√1− ∥∥ξ∥∥2J1)−m
√1− ∥∥ξ∥∥2∥∥ξ∥∥ J1 ∧ e5 ∧ e6 . (2.39)
Notice that although we have written these equations in terms of the two real functions|S| and ∥∥ξ∥∥, in fact they obey (2.33). Regarding ρ as a coordinate, there is then really
8 Notice that using the definition of the two-form bilinears in B, and the fact that Lξei = 0, we see thatalso the JI are invariant under ξ , namely Lξ JI = 0.
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only one independent function in these equations, which may be taken to be the warpfactor ∆. We also note that the connection one-form A , defined via the orthonormalframe (3.14), has curvature determined by the first equation in (2.36), giving
dA = 4me−3∆3 ∥∥ξ∥∥2
[J3 +(3∥∥ξ∥∥− 4∥∥ξ∥∥
)e5 ∧ e6] . (2.40)
Proof of sufficiency
It is important to stress that the set of equations (2.36), where the three-frame {ei}7i=5is given by (2.32), are both necessary and sufficient for a supersymmetric solution. Inorder to see this, we recall that our SU(2) structure can be thought of in terms of thetwo SU(3) structures defined by the spinors χ+, χ− (or equivalently χ1, χ2). Each ofthese determines a real vector K± ≡ χ¯±γ(1)χ±, real two-form J± ≡ −iχ¯±γ(2)χ±, andcomplex three-form Ω± ≡ χ¯c±γ(3)χ±, where recall that also χ¯+χ+ = χ¯−χ− = 1. In fact
K+ = −K− = −P , so that the vectors determined by each SU(3) structure are equaland opposite, and (J±,Ω±) determine two SU(3) structures on the transverse six-spaceP⊥.Let us now turn to the Killing spinor equations in (2.13). We have two copies ofthese equations, one for each SU(3) structure determined by the spinors χ±. We shallrefer to the first equation in (2.13) as the algebraic Killing spinor equation (it containsno derivative acting on the spinor itself). Using this notice that we may eliminate theχc∓ term in the second equation, in order to get an equation linear in χ±; we shall referthe resulting equation as the differential Killing spinor equation. For each choice of ±,the latter may be phrased in terms of a generalized connection ∇(T )± , where ∇ is theLevi-Civita connection. The intrinsic torsion is then defined as τ± ≡ ∇(T )± −∇ for eachSU(3) structure, and may be decomposed into irreducible SU(3)-modules as a sectionof Λ1 ⊗ Λ2. Since Λ2 ∼= so(7) = su(3) ⊕ su(3)⊥, the intrinsic torsion may be identifiedas a section of Λ1 ⊗ su(3)⊥. It is then a fact that the exterior derivatives of K±, J±,Ω± determine completely the intrinsic torsion τ± - the identifications of the irreduciblemodules are given explicitly in section 2.3 of [46]. Our equations (2.36) certainly implythe exterior derivatives of both SU(3) structures, since they imply the exterior derivativesof all k-form bilinears, for k ≤ 3. It follows that from our supersymmetry equations wecould (in principle) construct both τ±, and hence write down connections ∇(T )± =∇+ τ±which preserve each spinor, so ∇(T )± χ± = 0. In other words, our conditions then implythe differential Killing spinor equations for each of the N = 2 supersymmetries.For the algebraic Killing spinor equation, note first that {χ, γmχ | m = 1, . . . , 7} formsa basis for the spinor space for each χ = χ±. Thus in order for the algebraic equationto hold, it is sufficient that the bilinear equations resulting from the contraction of thealgebraic Killing spinor equation with χ¯ and χ¯γm hold, where χ is either of χ±. However,this is precisely how the identities in appendix A were derived. We thus find that the
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χ+ algebraic Killing spinor equation in (2.13) is implied by the two zero-form equations
−m3 e−3∆ + 2Im χ¯+χc− = 0 ,d∆yK+ + 16e−3∆χ¯+γ(4)χ+yF = 0 , (2.41)
and the one-form equations
d∆ + 16e−3∆J+y ? F = 0 ,m3 e−3∆P − 2K + J+(d∆)− 16e−3∆(iχ¯+γ(3)χ+)yF = 0 , (2.42)
with similar equations for χ−. Notice that the first equation in (2.41) is simply thescalar bilinear in (2.16). Using these expressions, one can show that (2.36) imply theremaining scalar equation in (2.41) and both of the equations in (2.42), thus proving thatour differential system (2.36) also implies the algebraic Killing spinor equations. Thecomputation is somewhat tedious, and is best done by splitting the equations (2.36) intocomponents under the 1 + 1 + 1 + 4 decomposition implied by the three-frame (2.32).This decomposition is performed explicitly in subsection 2.2.8. In the second equationin (2.41) we note that each term is in fact separately zero. We also note that the firstequation in (2.42) may be rewritten as
J+yd(e6∆J+) = d(e6∆(1− 32 |S|2)) . (2.43)
The left hand side is essentially the Lee form associated to the SU(3)-structure definedby χ+9.To conclude, we have shown that (2.36) are necessary and sufficient to satisfy theoriginal Killing spinor equations (2.13).
2.2.7 M5-brane solutions: m = 0
It is straightforward to take the m = 0 limit of the frame (2.32), differential conditions(2.36), and flux F given by (2.39). Denoting wˆ = e∆e6, ρˆ = e∆e5, JˆI = e2∆JI and λ = e−2∆we obtain the metric
λ−1g7 = ĝSU(2) + wˆ2 + 116λ2
( dρ21− λ3ρ2 + ρ2dψ2
) , (2.44)
9Therefore (2.43) has the geometrical interpretation that the transverse six-dimensional space P⊥ isconformally balanced.
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with corresponding differential conditions
d(λ−1√1− λ3ρ2wˆ) = 2λ−1/2Jˆ3 + 2ρλwˆ ∧ ρˆ ,
d(λ−3/2Jˆ1 ∧ wˆ − ρJˆ2 ∧ ρˆ) = 0 ,d(Jˆ2 ∧ wˆ + λ−3/2ρ−1Jˆ1 ∧ ρˆ) = 0 . (2.45)
The flux F in (2.39) then becomes
F = 14dψ ∧ d
(λ−1/2√1− λ3ρ2Jˆ1) . (2.46)
These expressions precisely coincide with those in section 7.2 of [42]. Of course, this isan important cross-check of our general formulae.Notice that the Bianchi identity for F is satisfied automatically from the expressionin (2.46). In fact for the general m = 0 class of geometries the Bianchi identity andequation of motion for F read
dF = 0 , d(e3∆ ? F) = 0 . (2.47)
Defining the conformally related metric g˜7 = e−6∆g7, the equation of motion for Fbecomes d ?˜F = 0. It follows that F is a harmonic four-form on (Y7, g˜). In particular,imposing also flux quantization we see that F defines a non-trivial cohomology class inH4(Y7;Z), which we may associate with the M5-brane charge of the solution.When m = 0 there is no “electric” component of the four-form flux G, and these AdS4backgrounds have the physical interpretation of being created by wrapped M5-branes.Indeed, as we shall see in section 2.3, when m 6= 0 there is always a non-zero quantizedM2-brane charge N ∈ N, with the supergravity description being valid in a large N limit.The supergravity free energy then scales universally as N3/2. One would expect the freeenergy of the M5-brane solutions, sourced by the internal “magnetic” flux F , to scale asN3, where the cohomology class in H4(Y7;Z) defined by F scales as N . However, thelack of a contact structure in this case (see below) means that a proof would look ratherdifferent from the analysis in section 2.3.In section 9.5 of [42] the authors found a solution within the m = 0 class, solvingthe system (2.45), describing the near-horizon limit of M5-branes wrapping a SpecialLagrangian three-cycle Σ3. In fact this is the eleven-dimensional uplift of a seven-dimensional solution found originally in reference [47]. The internal seven-manifold Y7takes the form of an S4 fibration over Σ3, where the latter is endowed with an Einsteinmetric of constant negative curvature. As one sees explicitly from the solution, the R-symmetry vector field ∂ψ acts on S4 ⊂ R5 = R3 ⊕ R2 by rotating the R2 factor in thelatter decomposition. In particular, there is a fixed copy of S2, implying that ∂ψ doesnot define a one-dimensional foliation in this m = 0 case. Notice this also implies there
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cannot be any compatible global contact structure, again in contrast with the m 6= 0geometries. The flux F generates the cohomology group H4(Σ3 × S4;R) ∼= R.As far as we are aware, the solution in section 9.5 of [42] is the only known solutionin this class. It would certainly be very interesting to know if there are more AdS4geometries sourced only by M5-branes.
2.2.8 Reduction of the equations in components
In this section we further analyze the system of supersymmetry equations (2.36), ex-tracting information from each component under the natural 1 + 1 + 1 + 4 decompositionimplied by the three-frame (2.32). Since we have dealt with the m = 0 equations in theprevious section, we henceforth take m 6= 0 in the remainder of the paper.We begin by defining the one-form
B ≡ 36m2 e6∆ ∥∥ξ∥∥2 (dτ +A ) , (2.48)
which appears in the frame element e6 in (3.14), so that
e6 = me−3∆|S|24∥∥ξ∥∥√1− ∥∥ξ∥∥2B , (2.49)
and further decompose
B ≡ Bτdτ + Bˆ , (2.50)
where ∂τyBˆ = 0. Since also e7 and e5 are orthogonal to B, it follows that Bˆ is alinear combination of ea, a = 1, 2, 3, 4, the orthonormal frame for the four-metric gSU(2)in (2.34). It is also convenient to rescale the latter four-metric, together with its SU(2)structure, via
JˆI ≡ 24m e3∆JI , I = 1, 2, 3 , (2.51)
so that correspondingly ĝSU(2) = 24m e3∆gSU(2).10 Notice this makes sense only whenm 6= 0.Given the coordinates (ψ, τ, ρ) defined via (3.14), it is then natural to decompose theexterior derivative as
d = dψ ∧ ∂∂ψ + dτ ∧ ∂∂τ + dρ ∧ ∂∂ρ + dˆ , (2.52)
where from now on hatted expressions will (essentially) denote four-dimensional quan-tities. We may then decompose the exterior derivatives and forms in the supersymmetry
10 This scaling is different from the scaling used in section 2.2.7, where m = 0.
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equations (2.36) under this natural 1 + 1 + 1 + 4 splitting.Beginning with the first equation in (2.36), the utility of the definition (2.48) is thatthis first supersymmetry equation becomes simply
dB = 2Jˆ3 − 12ωρ dρ ∧B . (2.53)
where to simplify resulting equations it is useful to define the function
ω ≡ e−6∆1− ∥∥ξ∥∥2 . (2.54)
Decomposing as outlined above, this becomes
∂τBˆ = dˆBτ ,∂ρB = −12ωρB ,dˆBˆ = 2Jˆ3 . (2.55)
Note here that everything is invariant under ∂ψ . The integrability condition for (2.53)immediately implies that ∂τ Jˆ3 = 0 = dˆJˆ3, while combining the component
dˆ (ωBτ )− ∂τ (ωBˆ) = 0 , (2.56)
with the first and last equation in (2.55) leads to the conclusion
∂τ∆ = 0 = dˆ∆ , (2.57)
so that the warp factor ∆, and the related functions |S| and ξ , all depend only on thecoordinate ρ!The other two equations in (2.36) may be analyzed similarly. Rather than presentall the details, which are straightforward but rather long, we simply present the finalresult. Defining Ωˆ = Jˆ1 + iJˆ2, the supersymmetry conditions (2.36) are equivalent to theequations
dˆBˆ = 2Jˆ3 dˆΩˆ = (υ − iuΩˆ)B−1τ ∧ Bˆ∂ρB = −12ωρB [∂ρΩˆ]+ = −12ωρ Ωˆ∂τBˆ = dˆBτ ∂τΩˆ = −iuΩˆ + υ (2.58)
Here we have defined the two-form
υ ≡ m6 e−3∆
([ρ ∂ρ Jˆ2]− i∥∥ξ∥∥2 [ρ ∂ρ Jˆ1]−
)
Bτ , (2.59)
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and the function
u ≡ m6 e−3∆
(12ρ ∂ρ logω − ρ2ω
)
Bτ . (2.60)
The notation [ · ]± denotes the self-dual and anti-self-dual parts of a two-form alongthe four-dimensional SU(2)-structure space. In particular, of course JˆI , I = 1, 2, 3, form abasis for the self-dual forms. We also note that the integrability condition for the firstthree equations in (2.58) gives
∂τ Jˆ3 = 0 , ∂ρ Jˆ3 = −12ωρ Jˆ3 , dˆJˆ3 = 0 . (2.61)
As an aside comment, we notice that a subset of the equations in (2.58) may be re-interpreted as equations for a dynamical contact-hypo structure on a five-dimensionalspace [48, 49]. Here we decompose the seven-dimensional manifold under a 1 + 1 + 5split, where the two transverse directions are parametrized by the coordinates ρ and ψ.The (B, JI ) then define a contact-hypo structure (at fixed ρ) obeying the equations
d˜B = 2Jˆ3 , d˜Ωˆ = (υ − iuΩˆ)B−1τ ∧B , (2.62)
where d˜ ≡ dτ ∧ ∂∂τ + dˆ. Note that when [∂τΩˆ]− = 0 these become the conditionscharacterizing a Sasaki-Einstein five-manifold. However, in this paper we will not pursuefurther this point of view.We emphasize again that since ∆ is a function only of ρ, this implies that the derivedfunctions |S| and ξ also depend only on ρ. We conclude by writing an even more explicitexpression for the flux given in (2.39):
F = − 1∥∥ξ∥∥ (12e6∆ ∥∥ξ∥∥2 ∂ρ∆ − 6ρ)e57 ∧ J1 + 12e6∆∂ρ∆e67 ∧ J2−m√1−∥∥ξ∥∥2∥∥ξ∥∥ e56 ∧ J1 − m6 e3∆(1− ∥∥ξ∥∥2)e67 ∧ [∂ρ Jˆ2]−−m6 e3∆ (1−∥∥ξ∥∥2)∥∥ξ∥∥ e57 ∧ [∂ρ Jˆ1]− .
(2.63)
This expression is particularly useful for proving sufficiency of the differential system insubsection 2.2.6.We shall investigate the general equations (2.58), in a special case, in section 2.4,reducing them to a single second order ODE in ρ.
2.3 M2-brane solutions
In this section we further elaborate on the geometry and physics of solutions with m 6= 0.In particular we show that all such solutions admit a canonical contact structure, forwhich the R-symmetry Killing vector ξ is the Reeb vector field. Many physical properties
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of the solutions, such as the free energy and scaling dimensions of BPS wrapped M5-branes, can be expressed purely in terms of this contact structure.
2.3.1 Contact structure
When m 6= 0 we may define a one-form σ via
P ≡ m6 e−3∆σ , (2.64)
where P is the one-form bilinear defined in the second line in (2.17). In terms of ourframe (3.14), we then have
σ = 1∥∥ξ∥∥e7 + 6e3∆m |S|
√1− ∥∥ξ∥∥2∥∥ξ∥∥ e6 ,
= 14 [dψ +A + ( 6m)2 ρ2(dτ +A )] . (2.65)
Up to a factor of m/6, the one-form inside the square bracket on the left hand sideof the first equation in (2.36) is in fact σ . Thus we read off
dσ = 12m e3∆ (J3 − ∥∥ξ∥∥e5 ∧ e6) , (2.66)
and a simple algebraic computation then leads to
σ ∧ (dσ )3 = 2734m3 e9∆vol7 . (2.67)Here
vol7 ≡ −e5 ∧ e6 ∧ e7 ∧ vol4 = −12e5 ∧ e6 ∧ e7 ∧ J3 ∧ J3 , (2.68)
denotes the Riemannian volume form of Y7 (with a convenient choice of orientation). Itfollows that when m 6= 0, the seven-form σ ∧ (dσ )3 is a nowhere-zero top degree form onY7, and thus by definition σ is a contact form on Y7.Again, straightforward algebraic computations using the Fierz identity in appendixA lead to
ξyσ = 1 , ξydσ = 0 . (2.69)
This implies that the Killing vector field ξ is also the unique Reeb vector field for thecontact structure defined by σ .
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2.3.2 Flux quantization
When m 6= 0, equation (2.27) immediately leads to the natural gauge choice
F = dA , (2.70)
where A is the global three-form
A ≡ 6me6∆Im χ¯c+γ(3)χ− . (2.71)
In terms of our frame, this reads
A = 6me6∆[|S|J2 ∧ e5 − 1∥∥ξ∥∥ J1 ∧
(|S|e6 + m6 e−3∆√1− ∥∥ξ∥∥2e7
)] . (2.72)
Notice that, either using the last expression or using (2.23), we find that
LξA = 0 . (2.73)
Of course, one is free to add to A any closed three-form a, which will result in the samecurvature F
A → A+ 1(2pi`p)3a . (2.74)
If a is exact this is a gauge transformation of A and leads to a physically equivalentM-theory background. In fact more generally if a has integer periods then the trans-formation (2.74) is a large gauge transformation of A, again leading to an equivalentsolution. It follows that only the cohomology class of a in the torus H3(Y7;R)/H3(Y7;Z)is a physically meaningful parameter, and this corresponds to a marginal parameter inthe dual CFT. In fact the free energy will be independent of this choice of a, which iswhy we have set a = 0 in (2.71). There is also the possibility of adding discrete torsionto A when H4torsion(Y7;Z) is non-trivial, but we will not discuss this here.The flux quantization condition in eleven dimensions is
N = − 1(2pi`p)6
∫
Y7
(∗11G + 12C ∧ G
) , (2.75)




(me3∆vol7 − 12A ∧ F
) , (2.76)
where vol7 denotes the Riemannian volume form for Y7. By far the simplest way toevaluate A ∧ F is to use the identity (A.1) with C = 1. Using (2.71), this immediately
Chapter 2. N = 2 supersymmetric AdS4 solutions of M-theory 39
leads to an expression for A ∧ F in terms of vol7, and using (2.67) we obtain
N = 1(2pi`p)6 m22532
∫
Y7 σ ∧ (dσ )3 . (2.77)In particular, we see that m 6= 0 leads to a non-zero M2-brane charge N .
2.3.3 The free energy
The effective four-dimensional Newton constant G4 is computed by dimensional reductionof eleven-dimensional supergravity on Y7. More precisely, by definition 1/16piG4 is thecoefficient of the four-dimensional Einstein-Hilbert term, in Einstein frame. A standardcomputation leads to the formula
116piG4 = pi
∫Y7 e9∆vol72(2pi`p)9 . (2.78)
On the other hand, G4 also determines the gravitational free energy FAdS
FAdS ≡ − log |Z | = pi2G4 . (2.79)Here the left hand side of (2.79) is the free energy of the unit radius AdS4 computedin Euclidean quantum gravity, where Z is the gravitational partition function. Thus inthe supergravity approximation, FAdS is simply the four-dimensional on-shell Einstein-Hilbert action, which has been regularized to give the finite result on the right handside of (2.79) using the boundary counterterm subtraction method of [50, 51]. Via theAdS/CFT correspondence, FAdS = FCFT ≡ F, where FCFT is the free energy of the dualCFT on the conformal boundary S3 of AdS4. Combining (2.78) and (2.79) then leads tothe supergravity formula
F = 4pi3 ∫Y7 e9∆vol7(2pi`p)9 . (2.80)
Combining (2.77), (2.80) and (2.67) leads to our final formula
F = N3/2√ 32pi69 ∫Y7 σ ∧ (dσ )3 . (2.81)
We see that the famous N3/2 scaling behaviour of the free energy of N M2-branescontinues to hold in the most general N = 2 supersymmetric case with flux turned on.Moreover, the coefficient is expressed purely in terms of the contact volume of Y7. In theSasaki-Einstein case this agrees with the Riemannian volume computed using vol7, butmore generally the two volumes are different. The contact volume has the property, inthe sense described precisely in appendix B of [52], that it depends only on the Reeb
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vector field ξ determined by the contact structure. In particular, if we formally considervarying the contact structure of a given solution, the contact volume is a strictly convexfunction of the Reeb vector field ξ . It is of course natural to conjecture that this functionis related as in (2.79) to minus the logarithm of the field theoretic |Z |-function defined in[33], as a function of a trial R-symmetry in the dual supersymmetric field theory on S3.This was conjectured in the Sasaki-Einstein case in [23], and has by now been verifiedin a large number of examples, including infinite families [26]. The contact volume hasthe desirable property that it can be computed using topological and fixed point theoremmethods, so that one can compute the free energy of a solution essentially knowing onlyits Reeb vector field. We will illustrate this with the class of solutions in section 2.4.Finally, the scaling symmetry of eleven-dimensional supergravity in which the metricg11 and four-form G have weights two and three, respectively, leads to a symmetry inwhich one shifts ∆ → ∆ + c and simultaneously scales m → e3cm, F → e3cF , wherec is any real constant. We may then take the metric on Y7 to be of order O(N0), andconclude from the quantization condition (2.75), which has weight 6 on the right handside, that e∆ = O(N1/6). It follows that the AdS4 radius, while dependent on Y7, isRAdS4 = e∆ = O(N1/6), and that the supergravity approximation we have been using isvalid only in the N →∞ limit.
2.3.4 Scaling dimensions of BPS wrapped M5-branes
A probe M5-brane whose world-space is wrapped on a generalized calibrated five-submanifold Σ5 ⊂ Y7 and which moves along a geodesic in AdS4 is expected to correspondto a BPS operator OΣ5 in the dual three-dimensional SCFT. In particular, when Y7 is aSasaki-Einstein manifold, the scaling dimension of this operator can be calculated fromthe volume of the five-submanifold Σ5 [53]. In this section we show that a simple gener-alization of this correspondence holds for the general N = 2 supersymmetric AdS4 × Y7solutions treated in this paper.11Given a Killing spinor ε of eleven-dimensional supergravity, it is simple to derive thefollowing BPS bound for the M5-brane [8, 56]
ε†ε LDBI vol5 ≥ [12(j∗kyH) ∧H + j∗µ ∧H + j∗ν
] . (2.82)
Here H is the three-form on the M5-brane, defined by H = h + j∗C where h is closedand j∗ denotes the pull-back to the M5-brane world-volume. The one-form k , two-formµ and five-form ν are defined [43] by the eleven-dimensional bilinears
k ≡ ε¯Γ(1)ε , µ ≡ ε¯Γ(2)ε , ν ≡ ε¯Γ(5)ε , (2.83)
11 Such supersymmetric M5-branes exist only for certain boundary conditions [54, 55], and our discussionhere applies to these cases.
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and vol5 is the volume form on the world-space of the M5-brane. We have definedε¯ ≡ ε†Γ0 as usual.The bound (2.82) follows from the inequality∥∥P−ε∥∥2 = ε†P−ε ≥ 0 , (2.84)
where P− ≡ (1 − Γ˜)/2 is the κ-symmetry projector and Γ˜ is the traceless Hermitianproduct structure
Γ˜ ≡ 1LDBIΓ0
[14(j∗Γ)a(H∗yH)a + 12!(j∗Γ)a1a2H∗a1a2 + 15!(j∗Γ)a1···a5εa1···a5
] . (2.85)
Here a, a1 . . . a5 = 1, . . . , 5, where the two-form H∗ ≡ ∗5H is the world-space dual of H .This bound is saturated if and only if P−ε = 0 and corresponds to a probe M5-branepreserving supersymmetry.We write the AdS4 metric in global coordinates (cf. footnote 1) and choose the staticgauge embedding {t = σ0, xm = σm}, where t is global time in AdS4 and xm, withm = 1, . . . , 5, are coordinates on Y7. The Dirac-Born-Infeld Lagrangian LDBI is thendefined by LDBI = √det(δ nm +H∗nm ). The vector k] dual to the one-form k is a time-likeKilling vector, which using the explicit form of the eleven-dimensional N = 2 Killingspinor (2.9), and an appropriate choice of AdS4 spinors ψi, reads
k] = ∂t + 12ξ . (2.86)
Accordingly, ε†ε = k0] = 12e∆ cosh ρ, and hence the bound (2.82) is saturated when ρ = 0(i.e. the M5-brane is at the centre of AdS4) and
e∆2 LDBI vol5 =
[12(j∗kyH) ∧H + j∗µ ∧H + j∗ν
] . (2.87)
The energy density of an M5-brane can be computed by solving the Hamiltonianconstraints [8, 56]. For the static gauge embedding and ρ = 0 these lead to
E = Pt = TM5(e∆2 LDBI + Ct
) , (2.88)
where TM5 = 2pi/(2pi`p)6 is the M5-brane tension and the contribution from the Wess-Zumino coupling is Ctvol5 = ∂tyC6 − 12 (∂tyC ) ∧ (C − 2H), with the potential C6 definedthrough dC6 = ∗11G+ 12C ∧G. However, from the explicit expression of C one can checkthat we have Ct = 0. The M5-brane energy is then given by
EM5 = TM5 ∫Σ5 e
∆2 LDBI vol5 = TM5
∫
Σ5
(14(ξyH) ∧H + j∗µ ∧H + j∗ν
) , (2.89)
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where we used (2.86). Let us briefly discuss this expression for the energy. With ourgauge choice (2.71) for the three-form potential, in general we have H = A+h, where h isa closed three-form. If h is exact and invariant12 under k], namely h = db with Lk]b = 0,then one can check that the integral does not depend on h. To see this, one has to recallthat Lk]A = 0, use the results of [43], and apply Stokes’ theorem repeatedly. If h is notexact, a priori it will contribute to the energy, and hence we expect the dimension of thedual operator to be affected. We leave an investigation of this interesting possibility forfuture work, and henceforth set H = A. In particular, A is expressed as a bilinear of χ±in (2.71).Using the explicit form of the eleven-dimensional N = 2 Killing spinor (2.9) and thestatic gauge embedding one derives
ι∗k = 12e2∆K ,ι∗µ = 4e3∆ {−18 Im [χ¯c+γ(2)χ−] + Im[ψ¯+1 (ψ+2 )c ]Re [χ¯c+γ(2)χ−]} ,ι∗ν = 4e6∆ ? {18Re [χ¯c+γ(2)χ−] + Im[ψ¯+1 (ψ+2 )c ]Im [χ¯c+γ(2)χ−]} , (2.90)
where ι∗ denotes a pull-back to Y7, and where the constant scalar bilinear Re[ψ¯+1 (ψ+2 )c ]is rescaled for convenience to 18 . The χ± bilinears can then be expressed in terms ofe5, e6, e7 and JI . The non-constant scalar Im[ψ¯+1 (ψ+2 )c ] drops out of the calculation andone arrives at13
12(j∗kyH) ∧H + j∗µ ∧H + j∗ν = − m22632σ ∧ (dσ )2 . (2.91)Hence we get the remarkably simple result
EM5 = −TM5 m22632
∫
Σ5 σ ∧ (dσ )2 . (2.92)Combining the latter with (2.77), and identifying ∆(OΣ5) with the energy EM5 in globalAdS, leads straightforwardly to the formula
∆(OΣ5) = piN ∣∣∣∣∣
∫Σ5 σ ∧ (dσ )2∫Y7 σ ∧ (dσ )3
∣∣∣∣∣ . (2.93)
The scaling dimensions of operators dual to BPS wrapped M5-branes are thus alsodetermined purely by the contact structure. As for the contact volume of Y7, the righthand side of (2.93) can again be computed from a knowledge of Σ5 and the Reeb vectorfield ξ .
12One should obviously require that ∂t and ξ generate symmetries of the M5-brane action.13 The sign arises from our choice of conventions, cf. [45].
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2.4 Special class of solutions: ∂τ Killing
Since the general system of supersymmetry equations presented in section 2.2.8 is rathercomplicated, in this section we impose a single simplifying assumption, namely that ∂τis a Killing vector field for the metric14 g7. There are two motivations for this. Firstly,it is clearly a natural geometric condition. Secondly, the only solution in the literaturein the m 6= 0 class that is not Sasaki-Einstein is the Corrado-Pilch-Warner solution[27]. This solution describes the infrared fixed point of a massive deformation of themaximally supersymmetric AdS4×S7 solution, and has the same topology but with non-standard metric on S7 and flux. We will first show that the assumption that ∂τ is Killingimmediately leads to the four-metric gSU(2) being conformal to a Kähler-Einstein metric,and that the supersymmetry conditions then entirely reduce to a single second ordernon-linear ODE. The Corrado-Pilch-Warner solution is a particular solution to this ODE,with gSU(2) being (conformal to) the standard Fubini-Study metric on CP2. We will thenshow numerically that there exists a second solution, dual to the infrared fixed pointof a cubic deformation of N M2-branes at a general CY3 × C singularity, where CY3denotes any Calabi-Yau three-fold cone. In particular, when CY3 = C3 endowed with aflat metric, this leads to a new, smooth N = 2 supersymmetric AdS4 × S7 solution.
2.4.1 Further reduction of the equations
Let us analyze the conditions (2.58), with the assumption that ∂τ is Killing. Notice thatthe latter implies
[∂τ JˆI]± = ∂τ[JˆI]± =
 ∂τ JˆI0 . (2.94)
The left hand side of last equation in (2.58) is thus identically zero. Taking the realand imaginary parts of the right hand side then implies that ∂ρΩˆ is self-dual. The plussubscripts may then be dropped in the second line of (2.58), and we see that
∂ρ JˆI = −12ωρJˆI , (2.95)
holds for all I = 1, 2, 3. Recalling that ∆ is always a function only of ρ, we may introducethe rescaled SU(2) structure
JˆI ≡ f1(ρ)JI , I = 1, 2, 3 , (2.96)
14 Note that we are not requiring that ∂τ generates a symmetry of the full solution. Indeed we will showthat in general the flux F is not invariant under ∂τ .
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and see that provided f1(ρ) satisfies the differential equation
df1dρ = −12ωρf1 , (2.97)
then the SU(2)-structure two-forms JI are independent of ρ.Similarly, the Killing condition on ∂τ implies that Bτ and Bˆ are independent of τ ,and the first equation in (2.58) then implies that Bτ = Bτ (ρ) depends only on ρ. Wemay then similarly solve the second equation in (2.58) by rescaling
B ≡ f1(ρ)B , (2.98)
and deduce that B is independent of both τ and ρ. Similarly writing
B ≡ Bτdτ + Bˆ , (2.99)
where now Bτ is a constant, the remaining equations in (2.58) are
dˆBˆ = 2J3 , dˆ(J1 + iJ2) = −if1uB−1τ (J1 + iJ2) ∧ Bˆ ,∂τ (J1 + iJ2) = −iu(J1 + iJ2) . (2.100)
Since the blackboard script quantities are independent of ρ, the second equation in(2.100) implies that
m6 e−3∆
(12ρ ∂ρ logω − ρ2ω
) f1 = −γ (2.101)
which is a priori a function of ρ, is in fact a constant. In order to remove the explicitfactors of m, and write everything in terms of a single function, it is convenient to rescale
r ≡ 6mρ , f22 (r) ≡ (m6 )2 ω . (2.102)
In terms of these new variables, the differential equations (2.97), (2.101) read
f ′1 = −12rf1f22 ,f ′2 = −γr−1√1 + f22 (1 + r2) + rf1f32 , (2.103)
which are a coupled set of first order ODEs for the functions f1(r), f2(r), and from hence-forth a prime will denote derivative with respect to the coordinate r. The remainingsupersymmetry conditions (2.100) now simplify to
dˆBˆ = 2J3 , dˆ(J1 + iJ2) = iγ(J1 + iJ2) ∧ Bˆ ,∂τ (J1 + iJ2) = iγBτ (J1 + iJ2) . (2.104)
Chapter 2. N = 2 supersymmetric AdS4 solutions of M-theory 45
Here both γ and Bτ are constants. The first line says that the four-metric defined by(J1, J2, J3) is Kähler-Einstein with Ricci tensor satisfying Ric = 2γgKE. The secondequation is solved simply by multiplying J1 + iJ2 by a phase e−iγBτ , so that everythingis independent of τ .To conclude, given any Kähler-Einstein four-metric gKE with Ricci curvature Ric =2γgKE, a solution to the ODE system (2.103) leads to a (local) supersymmetric AdS4solution with internal seven-metric being
g7 = f1f24√1 + f22 (1 + r2)gKE +
( f24
)2 [dr2 + r2f211 + r2 (dτ + AKE)2
+ 1 + r21 + f22 (1 + r2)
(dψ + f11 + r2 (dτ + AKE)
)2 ] , (2.105)
and flux
F = m2e−3∆f233 · 27 (γme−3∆f2(1 + r2)− 9r2f1) (dψ − dτ) ∧ drr ∧ J1
+ γm3e−6∆f1f2233 · 27 (dτ + AKE) ∧ (drr ∧ J1 + (dψ − dτ) ∧ J2) , (2.106)
where we have written the latter in terms of three functions f1, f2, e∆ in order to simplifythe expression slightly. However, recall that the warp factor is related to f2 via
e6∆ = (m6 )2 (1 + r2 + f−22 ) . (2.107)
Here we have denoted AKE ≡ Bˆ, and without loss of generality we have set Bτ = 1by rescaling the τ coordinate. From (2.106) we see explicitly that L∂τF 6= 0, sincethe holomorphic two-form on the Kähler-Einstein base satisfies L∂τ (J1 + iJ2) = iγ(J1 +iJ2). Therefore, as anticipated at the beginning of this section, ∂τ does not generate asymmetry of the full solution. If γ > 0 then by rescaling f1 we may also without lossof generality set γ = 3. The local one-form γAKE is globally a connection on the anti-canonical bundle of the Kähler-Einstein four-space. Notice that we may algebraicallyeliminate f2(r) from the first equation in (2.103) to obtain the single second order ODEfor f1(r)
3rf ′21 + f1(rf ′′1 − f ′1) = γ√−2f ′1 (rf1 − 2(1 + r2)f ′1) . (2.108)
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2.4.2 The Corrado-Pilch-Warner solution
We begin by noting that the following is an explicit solution to the ODE system (2.103)
f1(r) = γ (2− r√2
) , f2(r) = √ 2r(2√2− r) . (2.109)
Taking the Kähler-Einstein metric to be simply the standard Fubini-Study metric on
CP2, and with r ∈ [0, 2√2], we claim this is precisely the AdS4 × S7 solution describedin [27]. In fact the authors of [27] conjectured that one should be able to replace CP2by any other Kähler-Einstein metric (with positive Ricci curvature) to obtain anothersupergravity solution. This was shown in [31] for the special case in which one uses theKähler-Einstein metrics associated to the Labc Sasaki-Einstein manifolds [57, 58]. Wecan immediately read off the warp factor
m6 e−3∆ = f2√1 + f22 (1 + r2) =
11 + r√2 . (2.110)
Comparing our dr2 component of the metric (2.105) to the dµ2 component of the metricin [31], we are led to the identification
r = 2√2 sin2 µ . (2.111)
It is then straightforward to see that our metric (2.105) coincides with the metric in [31],and using (2.106) also that the fluxes agree.
2.4.3 Deformations of CY3 × C backgroundsThe Corrado-Pilch-Warner solution fits into a more general class of solutions obtainedby deforming the theory on N M2-branes at the conical singularity of the Calabi-Yaufour-fold CY3×C. In this section we give a unified treatment, in particular recovering thefield theory result in [25] for the free energy of such theories using our contact volumeformula (2.81).We begin by taking gKE to be the (local) Kähler-Einstein metric associated to aSasaki-Einstein five-manifold. The corresponding Sasaki-Einstein five-metric is
gSE5 = (dφ + AKE)2 + gKE , (2.112)
which leads to a Calabi-Yau four-fold product metric on CY3 × C given by
gCY4 = dρ21 + ρ21 [(dφ + AKE)2 + gKE]+ dρ20 + ρ20dφ20 . (2.113)
Here ρ0, ρ1 ∈ [0,∞) are radial variables, and φ0 has period 2pi. The corresponding
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Sasaki-Einstein seven-metric at unit distance from the conical singularity at {ρ0 = ρ1 =0} is
gSE7 = 11− r2 dr2 + r2 [(dφ + AKE)2 + gKE]+ (1− r2)dφ20 , (2.114)where 0 ≤ r ≤ 1. Note that the Killing vector fields ∂φ and ∂φ0 vanish at r = 0and r = 1, respectively, and that the Reeb vector field is the sum ξ = ∂φ + ∂φ0 . Themetric (2.114) is singular at r = 0 (which is an S1 locus parametrized by φ0) unless theoriginal Sasaki-Einstein five-manifold is S5 equipped with its standard round metric.This is simply because the Calabi-Yau four-fold is also singular along r = 0, which is theconical singularity of CY3.It is no coincidence that the Sasaki-Einstein metric (2.114) resembles our generalmetric (2.105). The AdS4 × SE7 background is the infrared limit of N M2-branes at theconical singularity {ρ0 = ρ1 = 0} of CY3×C. The holomorphic function z0 = ρ0eiφ0 leadsto a scalar Kaluza-Klein mode on the Sasaki-Einstein seven-space, which in turn is dualto a gauge-invariant scalar chiral primary operator O in the dual three-dimensionalSCFT. We may then consider deforming the SCFT by adding the operator λOp. In threedimensions, this is a relevant deformation for p = 2 and p = 3, as discussed in [25].Moreover, such a term can appear in the superpotential of a putative infrared fixed pointalso only if p = 2, p = 3, since otherwise one violates the unitarity bound – the R-charge/scaling dimension of O would be ∆(O) = 2/p, and necessarily we have ∆(O) ≥ 12for a unitary CFT in three dimensions, with equality only for a free field. The gravity dualto the infrared fixed point of the massive p = 2 deformation is the Corrado-Pilch-Warnersolution of the previous section, while we will find the p = 3 solution as a numericalsolution to the ODEs (2.103) in the next section.In [25] the authors studied d = 3, N = 2 supersymmetric field theories for N M2-branes on CY3×C backgrounds, in particular computing the free energy using localizationand matrix model techniques. This allows one to compute the ratio of UV and IR freeenergies, where the UV theory is dual to the AdS4×SE7 background, while the IR theoryis the fixed point of the renormalization group flow induced by the λOp deformation. Theyfound the universal formula, independent of the choice of CY3,
FIR
FUV = 16(p− 1)3/23√3p2 . (2.115)
We now show that this field theory result is easily obtained using our contact volumeformula (2.81), thus acting as a check of the AdS/CFT duality for this class of theories.The CY3 × C Calabi-Yau four-fold has at least a C∗ × C∗ symmetry,in which the first
C∗ acts on the CY3, and under which the CY3 Killing spinors have charge 12 , and thesecond C∗ acts in the obvious way on the copy of C with coordinate z0. Let us denotethe components of the Reeb vector field in this basis as (ξ1, ξ0). In terms of the explicit
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coordinates introduced above, this gives the Reeb vector field as
ξ = 13ξ1∂φ + ξ0∂φ0 . (2.116)
For the Calabi-Yau four-fold metric, we have already noted that ξ1 = 3 and ξ0 = 1. Ingeneral, the Killing spinors have charge 2, as in equation (2.23), precisely when
ξ1 + ξ0 = 4 , (2.117)
which is also equivalent to the holomorphic (4, 0)-form Ω(4,0) = Ω(3,0)∧dz0 having charge4. As shown in appendix B of [52], in general the contact volume is a function of the Reebvector field. In our case the contact volume of Y7 is given by the general formula
Vol(Y7)[ξ1, ξ0] = 1ξ0 Vol(Y5)[ξ1] , (2.118)
where Y5 denotes the five-manifold link of CY3. Using ξ1 = 3 for a Sasaki-Einstein met-ric, (2.118) implies the relation Vol(SE7) = Vol(SE5) between Sasaki-Einstein volumes.Notice that ξ0 = 1 gives the expected scaling dimension ∆(O) = 12 of a free chiral field.15Let us now consider the IR solution corresponding to the deformation by λOp. Thescaling dimension of O necessarily changes from ∆(O) = 12 to ∆(O) = 2/p. Since thecoordinate z0 gives rise to the Kaluza-Klein mode leading to this BPS operator, thismeans the charge of z0 under the Reeb vector field at the IR fixed point should beξ0 = 4/p. From (2.117) we thus have ξ1 = 4(p − 1)/p. We then compute the contactvolumes
Vol(Y (p)7 ) = 1ξ0 Vol(Y5)[ξ1] = 1ξ0
(ξ13
)−3 Vol(Y5)[3]
= 27p4256(p− 1)3 Vol(SE7) . (2.119)
Here we have used that the volume of a contact five-manifold is homogeneous degree−3 in the Reeb vector field [52], [60]. Taking the square root and using our free energyformula (2.81), we precisely reproduce the field theory result (2.115)!16We conclude by recording that the Reeb vector field (2.116) at the IR fixed point is
ξ = 4(p− 1)3p ∂φ + 4p∂φ0 . (2.120)
This will be crucial in the following sections when we consider the appropriate boundaryconditions for the ODEs (2.103).
15 There is a factor of 12 in going from the geometric scaling dimension under the Euler vector to thescaling dimension ∆ in field theory, cf. equation (2.31) of [59].16 Notice for p ≥ 4 this is a somewhat formal agreement, since the IR fixed point is not expected to existdue to the unitarity bound, as explained above.
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2.4.4 The Corrado-Pilch-Warner solution (again)
Before moving on to the gravity dual of the cubic p = 3 deformation, let us consideragain the explicit p = 2 Corrado-Pilch-Warner solution. The analysis in the previoussection implies that the Reeb vector field should be
ξ = 4∂ψ = 23∂φ + 2∂φ0 , (2.121)
where ψ is the coordinate in (2.105). This fact is very closely related to the appropriateboundary conditions one needs to impose on the ODEs (2.103) in order to obtain agood supergravity solution. For the explicit solution in section 2.4.2, the coordinater ∈ [0, 2√2], and by definition ∂φ0 is the Killing vector field that vanishes at r = 0, while∂φ vanishes at r = 2√2. Let us see how this works precisely. Without loss of generalitywe henceforth set
γ = 3 . (2.122)
Near to r = 0, we may use f1(0) = 2γ, f2(r) = 2−1/4r−1/2 + O(r1/2) to compute∥∥A∂ψ + B∂τ∥∥2 |r=0 = 116 (A+ 2γB)2 . (2.123)
This vanishes only if A = −2γB, so that the vanishing vector field at r = 0 is
∂φ0 ∝ −2γ∂ψ + ∂τ . (2.124)
To determine the proportionality constant we need to examine the rate of collapse.Introducing r = 4√2R2, we have near to r = 0 that ( f24 )2dr2 = dR2[1 + O(R2)]. ThusR measures geodesic distance from R = 0, to leading order, and if ∂φ0 is such that φ0has period 2pi and ∂φ0 vanishes at R = 0, then the metric will be smooth here only if∥∥∂φ0∥∥ = R . Said another way, to leading order near to R = 0 the metric must be thestandard metric dR2 + R2dφ20 on R2 in polar coordinates (R,φ0). We then compute∥∥−2γ∂ψ + ∂τ∥∥2 = γ2R2 + O(R4) . (2.125)
This fixes
∂φ0 = 2∂ψ − 1γ ∂τ . (2.126)
We may perform a similar analysis near to r = 2√2. Introducing 2√2− r ≡ 4√2Z 2,we have f1 = 4γZ 2, while near to Z = 0 we have f2 = 2−3/2Z−1 + O(Z ). Now∥∥A∂ψ + B∂τ∥∥2 = 116 · 9 [9A2 + O(Z 2)] , (2.127)
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so this vector field vanishes at r = 2√2 only if A = 0, leading to
∂φ ∝ ∂τ . (2.128)
In particular, the coefficient may be computed from ( f24 )2dr2 = dZ 2[1 + O(Z 2)] and∥∥∂τ∥∥2 = γ29 Z 2 = Z 2 , (2.129)
where we have used γ = 3 in the last step. This is indeed the expected result, since forthe canonical scaling of γ = 3 the connection term dτ + AKE in the metric (2.105) mustbe the contact one-form dφ +AKE for the original Sasaki-Einstein five-manifold (2.112),implying that indeed ∂τ = ∂φ . The collapsing part of the metric near to r = 2√2 is thendZ 2 + Z 2((dτ + AKE)2 + gKE). This locally is precisely the CY3 conical metric, giving asmooth collapse at Z = 0 if and only if the the Kähler-Einstein metric is the standardmetric on CP2. More generally, r = 2√2 is an S1 locus of CY3 cone singularities.To summarize, putting (2.126) together with ∂τ = ∂φ we have shown
2∂ψ = ∂φ0 + 13∂φ . (2.130)
Recalling that the Reeb vector field is ξ = 4∂ψ , we have thus shown
ξ = 4∂ψ = 23∂φ + 2∂φ0 . (2.131)
This precisely coincides with (2.121), which was derived in the previous section basedonly on topological and scaling arguments.
2.4.5 Cubic deformations
We may now use precisely the same arguments as the previous section to deduce theappropriate boundary conditions for the ODEs (2.103) in the case of cubic p = 3 defor-mations. The Reeb vector field is now
ξ = 4∂ψ = 89∂φ + 43∂φ0 , (2.132)
where by definition again ∂φ0 and ∂φ are the vanishing vector fields, while ψ is thecoordinate in our metric (2.105).Let us begin by considering the behaviour near to r = 0. Suppose that f2(r) =wrν + o(rν), with w a non-zero constant. Then the first ODE in (2.103) implies
(log f1)′ ∼ −w22 r1+2ν , (2.133)
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which leads to the leading order solution
f1(r) ∼ A0 exp [−w2r2(1+ν))4(1 + ν)
] , (2.134)
where A0 is a constant. The second ODE in (2.103) is then to leading order
γ ∼ A0wrν(−ν +w2r2(1+ν)) exp
[−w2r2(1+ν))4(1+ν) ]√1 +w2r2ν(1 + r2) . (2.135)
For ν > 0 the right hand side tends to zero as r → 0, which is a contradiction. This isalso the case for ν = 0. On the other hand, f1(r) blows up exponentially at r = 0 unlessν > −1. Since we do not want the size of the Kähler-Einstein metric to blow up on Y7,a regular solution must hence have −1 < ν < 0. Given this, to leading order the lastequation becomes
γ ∼ −A0νw (r−2ν +w2)−1/2 r→0−→ −A0ν . (2.136)
Thus we conclude that 3 = γ = −A0ν. Note that A0 > 0, and that the metric (2.105) isthen positive definite only if w > 0.As in the previous section, introducing r = (4(1+ν)w )1/(1+ν) R1/(1+ν) we compute( f24
)2 dr2 ∼ w2r2νdr216 = dR2 , (2.137)
We now determine the vanishing vector field at r = 0, computing
∥∥A∂ψ + B∂τ∥∥2 |R=0 = 116
(A− Bγν
)2 , (2.138)
where we have eliminated A0 = −γ/ν. Thus the vector field− 1ν∂ψ − 1γ∂τ vanishes atr = 0. To fix the normalization we need the rate of collapse:∥∥∥∥−1ν ∂ψ − 1γ ∂τ
∥∥∥∥2 = (1 + ν)2ν2 R2 + o(R2) , (2.139)
near to R = 0. This fixes
∂φ0 = 11 + ν ∂ψ + νγ(1 + ν)∂τ . (2.140)
In fact this is already enough to determine ν. Recall that ξ = 4∂ψ is the Reeb vectorfield, so we can also write
∂φ0 = 14(1 + ν)ξ + νγ(1 + ν)∂τ . (2.141)
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Since the coordinate z0 on C has charge 2/p under ξ , we thus conclude that in general
1 = 14(1 + ν) · 4p , (2.142)
so that
ν = −1 + 1p . (2.143)
In particular, the Corrado-Pilch-Warner solution has ν = −12 , while for the cubic de-formation we should set ν = −23 . The boundary condition for f2(r) near to r = 0 isin general f2(r) ∼ wr−1+1/p. It is important to note that, with this boundary conditionon f2(r), the metric is completely smooth near to r = 0. Although f2(r) is blowing up,the function f1f2/√1 + f22 (1 + r2) ∼ f1(0) = −γ/ν, so that the Kähler-Einstein factor in(2.105) has finite non-zero size. The remaining Killing vector that is not zero also hasfinite length at r = 0, as one sees from (2.138).We can now similarly analyze the other collapse. This is necessarily at a zero of f1(r).To see this, note that the Kähler-Einstein part of the metric (2.105) collapses at either azero of f2, or a zero of f1 (potentially both). Suppose this is at r = r0. If f2 ∼ υ(r0− r)η toleading order, with η > 0, then solving the ODE for f1 leads to the leading order result
f1(r) ∼ A1 exp [υ2r0(r0 − r)1+2η2(1 + 2η)
] . (2.144)
Thus f1(r0) = A1 is in fact non-zero. The second ODE in (2.103) is then consistent nearto r = r0 only if the exponent η = 1, which means that f2(r) ∼ υ(r0 − r) is a simple zero.However, from the metric (2.105) we see that in fact then the entire metric collapses atr = r0, which does not give the correct topology. So we can rule out f2(r) having a zeroat r = r0.Thus f1(r0) = 0. Let us suppose that to leading order
f1(r) ∼ q(r0 − r)λ , (2.145)
with λ > 0. Then from the first ODE in (2.103) we obtain
f2(r) ∼ √ 2λr0(r0 − r) . (2.146)
Notice that for the Corrado-Pilch-Warner solution we have λCPW = 1, and this leadingorder solution for f2(r) near to r = r0 is in fact the exact solution. For our cubicp = 3 solution f2(r) must instead interpolate between r−2/3 behavior near to r = 0 and(r0 − r)−1/2 behavior near to r = r0. The second ODE again fixes the exponent λ = 1 for
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consistency near to r = r0, and we conclude that
f1(r) ∼ q(r0 − r) , (2.147)
f2(r) ∼ √ 2r0(r0 − r) , (2.148)
near to r = r0. Moreover, the second ODE then fixes
γ = 3qr02√1 + r20 . (2.149)
Finally, we turn to looking at the vanishing vector field. Writing r0 − r ≡ 2r0W 2, wefind that ( f24 )2dr2 ∼ dW 2. Then∥∥A∂ψ + B∂τ∥∥2 = 116A2 + O(W 2) , (2.150)
so that the vanishing vector field at the root r = r0 is again proportional to ∂τ . We findmore precisely that, quite remarkably,
∥∥∂τ∥∥2 = (γ3)2W 2 + o(W 2) , (2.151)
where we have substituted for q using (2.149). This is exactly the same behavior as forthe Corrado-Pilch-Warner solution near to this root. Since this collapsing vector field isby definition ∂φ , we again conclude that
∂τ = ∂φ . (2.152)
Again, this had to be the case for global reasons associated to the form of the connectionone-form appearing in the metric. Again one finds that r = r0 is an S1 family of CY3cone singularities, with the analysis being identical to that for the Corrado-Pilch-Warnersolution in the previous section.This completes our analysis of the regularity conditions. Setting γ = 3, we haveshown that the Reeb vector field is
ξ = −4ν3 ∂φ + 4(1 + ν)∂φ0 . (2.153)
Using the fact that ν = −1 + 1p , this precisely agrees with our topological analysis insubsection 2.4.3, and in particular the formula (2.120).
2.4.6 Summary and numerics
We may summarize the results of the previous sections as follows.
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The gravity dual to the infrared fixed point of a deformation of a CY3 × Cbackground by the operator λOp may be obtained by solving the coupled setof ODEs for f2(r), f1(r):
f ′1 = −12rf1f22 ,f ′2 = −3r−1√1 + f22 (1 + r2) + rf1f32 . (2.154)
The boundary conditions are that near to r = 0 we have f2(r) ∼ wr−1+1/p,with w > 0 a constant. Using the second ODE above this implies thatf1(0) = 3p/(p − 1). Then near to r = r0, for some r0 > 0, we must imposethat f1(r) ∼ q(r0 − r), where the ODEs imply that f2(r) ∼ √2/r0(r0 − r)and q = 2√1 + r20 /r0. With these boundary conditions we obtain a smoothsupergravity solution, up to the expected S1 locus of CY3 singularities alongr = r0. When the CY3 is simply flat C3, in particular we obtain a completelysmooth N = 2 supergravity solution with the topology AdS4 × S7.
The Corrado-Pilch-Warner solution precisely solves this problem for p = 2, andphysical arguments imply there should also be a solution for p = 3. We have notbeen able to find this solution analytically, but it is straightforward to solve the ODEsnumerically with the above boundary conditions.We first change variable to r = R3, and then solve the second order ODE (2.108) ina Taylor expansion in R , around R = 0, up to some large order. Using the constraintthat f1(0) = 3p/(p− 1) = 9/2 we find
f1(R) = 92 − cR2 − c29 R4 + 2187− 128c33888 R6 + 19683c + 1264c3104976 R8 + O(R10) ,(2.155)
where c is an arbitrary integration constant. This then implies
f2(R) = 23
√23c1/2R−2 + 427
√23c3/2 − (2187− 224c3)1944√6 c−1/2R2 + O(R4) . (2.156)
Thus f2(r) has the correct behavior f2(r) ∼ wr−2/3, where we identify the constant w =√8c/27.We then have a numerical shooting problem: for each choice of integration constantc, we solve the second order ODE (2.108) (or equivalently the coupled first order system),with initial Taylor expansion (2.155). We simply require that f1(r0) = 0 for some r0 > 0.From the analysis in the previous section, the ODEs themselves imply that a zero of f1(r)is automatically a simple zero.We find that there exists a point r0 > 0 with f1(r0) = 0 for the choice
c ' 2.4998 . (2.157)
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Figure 2.1: Numerical plot of the function f1(R) with integration constant c ' 2.4998.Note that f1(0) = 9/2 and f1(R) decreases monotonically to zero at R = R0, whereR0 ' 1.16.
The resulting plot of the function f1(R), with R = r3, is shown in Figure 2.1. Smallervalues of c lead to f1(R) remaining positive, while for c > 2.4998 we find the numericsbecomes highly unstable. Indeed, the numerics is slightly unstable near the zero of f1for c = 2.4998. As a cross check that we really do have a zero, we note that at a zeroof f1(R) we necessarily have
f ′1(R0) = −6
√1 + R60R0 . (2.158)
In Figure 2.2 we numerically plot the function f ′1(R) + 6√1+R6R , which should tend to zeroat R = R0.
Figure 2.2: Numerical plot (with integration constant c ' 2.4998) of the function f ′1(R)+6√1+R6R , which should tend to zero at R = R0 ' 1.16.
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Of course, it is quite tantalizing that the numerical value of c is so close to 5/2, per-haps suggesting the possibility of an analytic solution, or at least an analytic explanationof c = 5/2. We leave this question open.
2.5 Special cases
2.5.1 The Sasaki-Einstein case
In this subsection we study the case in which the three one-forms K,ReS∗L, ImS∗L arelinearly dependent. When they are linearly independent we have an SU(2) structure,and in an open set we can then introduce corresponding coordinates, as described insection 2.2.5. Since these one-forms are derived from spinor bilinears, linear dependenceimplies we have an SU(3) structure. Focusing on the m 6= 0 case for clarity, we will provethat the only solutions for which we have a global SU(3) structure are Sasaki-Einstein.In order to proceed, we impose the linear relation
aK + bReS∗L+ c ImS∗L = 0 , (2.159)
with a, b, c not all zero. Making use of the Fierz identity in (A.6) it is straightforwardto compute the dot products of each of K,ReS∗L, ImS∗L into this equation. An analysisof the resulting three equations then implies that at least one of |S| = 0 or ∥∥ξ∥∥ = 1must hold. In particular, if |S| = 0 then necessarily a = 0, while if ∥∥ξ∥∥ = 1 thena = c(m236 e−6∆ − 1). The following analysis then treats these cases in turn.If |S| = 0 then of course also S = 0. The bilinear equation (2.24) then implies thatL = 0 and hence in particular that the one-form χ¯1γ(1)χ1 = 0. This says that χ1 definesa G2 structure, rather than an SU(3) structure, and hence that χ1 satisfies a reality(Majorana) condition χ1 = µχc1 . The scalar bilinears determine that µ = − i6me3∆, andsince |µ|2 = 1 we conclude that m6 e−3∆ = 1 and the warp factor is constant e3∆ = m/6.Finally, the bilinear equation (2.28) and its χ− analogue imply
e3∆ ? F = d(i e6∆χ¯1γ(2)χ1)− 6e6∆Im [χ¯c1γ(3)χ1] , (2.160)
which in turn immediately implies that F = 0. This is because the Majorana conditionχ1 = −iχc1 implies that the two-form bilinear χ¯1γ(2)χ1 = 0 (there are no G2-invarianttwo-forms), while the three-form bilinear χ¯c1γ(3)χ1 is real (corresponding to the uniqueG2-invariant three-form). We conclude that the warp factor is constant and F = 0, sothat the Killing spinor equation for χ1 (2.8) leads to weak G2 holonomy and hence anEinstein metric. The second Killing spinor χ2 (for which the analysis is essentially thesame) then of course leads to a Sasaki-Einstein manifold.Alternatively, if ∥∥ξ∥∥ = 1 then we immediately have ReS∗L = 0 by computing thesquare length of the latter using (A.6). But since also a = −c|S|2 follows from linear
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dependence, we also have the additional relation ImS∗L = |S|2K from (2.159). There isthus only one linearly independent vector, as one expects since we must have an SU(3)structure. Using the exterior derivatives of the one-form bilinears one can then showthat where S is non-zero we have that K is closed, dK = 0 (recall that K is Killing inany case, so this implies that K is parallel). By contracting K into the bilinear equationfor dK and making use of a Fierz identity one then proves that d∆ = 0. Given that∥∥ξ∥∥2 = |S|2+m236 e−6∆ = 1 by assumption, this immediately implies that S is constant, andhence that L = 0. But then all vectors are identically zero, and we have a contradiction.Thus it must be that S = 0 and we hence reduce to the previous case, which impliesthat Y7 is Sasaki-Einstein with F = 0 and ∆ constant.
2.5.2 The case m = 0, Im [χ¯1χ2] 6= 0In section 2.2.2 we noted that when m = 0 we can no longer conclude that equation (2.15)holds. In this appendix we study the case m = 0 but Im [χ¯1χ2] not being identically zero,in particular showing that there are no regular solutions in this class. Note this isdifferent from the class of m = 0 geometries discussed in section 2.2.7, and cannot beobtained by taking the m→ 0 limit of the general m 6= 0 equations in the main text.We begin by defining
h ≡ Im [χ¯1χ2] , (2.161)
which is a function on Y7. Equation (2.18) now becomes
ImK = 12dh , (2.162)
while the imaginary part of equation (2.19) reads
∇(m(ImK )n) = −2hg7mn . (2.163)
Combining the last two equations gives
∇m∇nh = −t2hg7mn , (2.164)
where t = 2. Notice that ImK is a particular type of gradient conformal Killing vector.Equation (2.164) was studied by Obata in [61]. In particular, he proved that if a completeRiemannian manifold of dimension d ≥ 2 admits a non-constant function h satisfying(2.164), where t is (without loss of generality) a positive constant, then it is necessarilyisometric to a round sphere of radius 1/t. Thus we immediately conclude that if h is notidentically zero, Y7 is isometric to the round S7 with radius 1/2.Now as in section 2.2.7, the Bianchi identity and equation of motion for F imply thatF is harmonic on the conformally rescaled manifold (Y7, g˜7), where g˜7 = e−6∆g7. But
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in the case at hand, Y7 = S7 and the Hodge theorem implies there are no harmonicfour-forms since H4(S7;R) = 0. Thus for a non-singular solution in fact F = 0, andhence the M-theory four-form G = 0. The equation of motion (2.2) then implies that theeleven-dimensional spacetime must be Ricci-flat, but this is a contradiction.
3 | The supersymmetric NUTs and bolts of holog-raphy
3.1 Preview
In this chapter we construct gravity duals to field theories on a biaxially squashed three-sphere considered in [38] and [39]. More generally, we will perform an exhaustive studyof supersymmetric asymptotically locally AdS4 solutions whose conformal boundary isgiven by a biaxially squashed Lens space S3/Zp. We will first work within (Euclidean)minimal gauged supergravity in four dimensions, determining the general local form ofthe supersymmetric solutions with SU(2)× U(1) symmetry, and then we will discuss indetail the global properties of these solutions, both in four dimensions and in eleven-dimensional supergravity. Despite the high degree of symmetry of the problem, weuncover a surprisingly intricate web of supersymmetric solutions. One of our main find-ings is that generically a given conformal boundary can be “filled” with more than onesupersymmetric solution, with different topology. More specifically, we will show that fora given choice of conformal class of metric and gauge field there exist supersymmetricsolutions with the topology of R4 (or Zp orbifolds of this) - the NUTs - and differentsupersymmetric solutions with the topology of Mp ≡ total space of O(−p) → S2 - thebolts.1 The discussion of these Taub-Bolt-AdS solutions is subtle: they typically existonly in certain ranges of the squashing parameter, depending on p and the amount ofsupersymmetry preserved, and moreover typically they have globally different boundaryconditions to the corresponding Zp quotient of a Taub-NUT-AdS solution (related to theaddition of a flat Wilson line at infinity for the gauge field). Appealing to a conjecture [62]that the (conformal) isometry group of the conformal boundary extends to the isometryof the bulk,2 we will have found all possible supersymmetric fillings of a given boundary,at least in the context of four-dimensional minimal gauged supergravity.The results we find have interesting implications for the AdS/CFT correspondence.Recall that when there exist inequivalent fillings of a fixed boundary one should sum overall the contributions in the saddle point approximation to the path integral. Equivalently,the partition function of the dual field theory (in the large N limit) is given by the
1 In particular, H2(Mp,Z) ∼= Z and there is hence a non-trivial two-cycle, which is referred to as a “bolt”.2See also Appendix B of [63].
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sum of the exponential of minus the supergravity action, evaluated on each solutionwith a fixed boundary. If different solutions dominate the path integral (have smallestfree energy) in different regimes of the parameters, then passing from one solution toanother is interpreted as a phase transition between vacua of the theory. In the exampleof the Hawking-Page phase transition [64], discussed in [65], the two gravity solutionswith the same boundary are thermal AdS4 and the Schwarzchild-AdS4 solution, and theparameter being dialed is the temperature of the black hole (or equivalently of the dualfield theory). The more sophisticated examples discussed in [66, 67] share a number ofsimilarities with the results presented here, but there are some crucial differences. Thelatter references studied Taub-NUT-AdS and Taub-Bolt-AdS solutions, whose conformalboundary metric is precisely the biaxially squashed three-sphere. However, these areall non-supersymmetric Einstein solutions, and do not possess any gauge field.3 Onthe other hand, our solutions will all have a non-trivial gauge field turned on, which isnecessary in order to preserve supersymmetry. We will therefore refrain from interpretingthe squashing parameter as the inverse temperature. Whether or not one should sumover our Taub-Bolt-AdS solutions, in the saddle point approximation to quantum gravity,depends on whether they are interpreted as different vacua of the same theory, or ratheras vacua of (subtly) different field theories. This in turn depends on the uplifting ofthe solutions to M-theory, discussed briefly in the next paragraph, but we shall arguethat,at least in some cases, the Taub-Bolt-AdS solutions have (subtly) different boundaryconditions to the Taub-NUT-AdS solutions.An interesting aspect of the supersymmetric Taub-Bolt-AdS solutions (with topology
Mp) is that these can be uplifted to solutions Mp ×˜Y7 of M-theory only for particularinternal Sasaki-Einstein manifolds Y7. Indeed, the key issue here is that Y7 is necessarilyfibred over Mp, which we have denoted with the tilde. As we shall explain, for all thesesolutions the free energy of the field theory has not yet been studied in the literature, andtherefore we cannot compare our gravity results with an existing field theory calculation.However, for both classes of solutions of Taub-NUT-AdS type (1/2 BPS and 1/4 BPS),where the dual field theories are placed on squashed three-spheres, we obtain a precisematching between our gravity results and the results from localization in field theory.
3.2 SU(2)× U(1)-invariant solutions of gauged supergravity
We begin by presenting all Euclidean supersymmetric solutions of d = 4, N = 2 gaugedsupergravity with SU(2)×U(1) symmetry. The action for the bosonic sector of this theory
3 As we shall discuss, the Taub-NUT-AdS metric has self-dual Weyl tensor, and hence it can be madesupersymmmetric by adding particular instanton fields [68]. The Taub-Bolt-AdS metric in [66, 67] is notself-dual, and cannot be made supersymmetric by adding any instanton.
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[69] reads
S = − 116piG4
∫ d4x√g(R + 6`−2 − F 2) . (3.1)
Here R denotes the Ricci scalar of the metric gµν and we have defined F 2 ≡ FµνFµν .G4 is the four-dimensional Newton constant and ` is a parameter with dimensions oflength, related to the cosmological constant via Λ = −3`−2. The graviphoton is anAbelian gauge field A with field strength F = dA.The equations of motion derived from (3.1) read
Rµν = −3`−2gµν + 2(F ρµ Fνρ − 14F 2gµν
) ,d ∗ F = 0 . (3.2)
In Euclidean signature the gauge field may in principle be complex, although for thesolutions in this paper the field strength F will in fact be either real or purely imaginary.4A solution is supersymmetric if there is a non-trivial Dirac spinor ε satisfying theKilling spinor equation(∇µ − i`−1Aµ + 12`−1Γµ + i4FνρΓνρΓµ
) ε = 0 . (3.3)
This takes the same form as in Lorentzian signature, except that here Γµ , µ = 1, 2, 3, 4,generate the Clifford algebra Cliff(4, 0), so {Γµ,Γν} = 2gµν . It was shown in [70, 71] thatany such solution uplifts (locally) to a supersymmetric solution of eleven-dimensionalsupergravity. As we will see, global aspects of this uplift can be subtle, and we willpostpone a detailed discussion of these issues until section 3.6. In the remainder of thissection all computations will be local. In what follows we set ` = 1; factors of ` may berestored by dimensional analysis.
3.2.1 General solution to the Einstein equations
Our aim is to find, in explicit form, all asymptotically locally AdS4 solutions in Euclideansignature with boundary a biaxially squashed Lens space. Recall that the round metricon S3 has SU(2)l×SU(2)r isometry. A biaxially squashed Lens space is described by anSU(2)l×U(1)r-invariant metric on S3/Zp, where Zp ⊂ SU(2)r . Given a (conformal) Killingvector field on a compact three-manifoldM(3), a theorem of Anderson [62] shows that thisextends to a Killing vector for any asymptotically locally AdS4 Einstein metric on M(4)with conformal boundary M(3) = ∂M(4), provided pi1(M(4),M(3)) = 0. In particular, thisresult applies directly to the class of self-dual solutions that we will discuss momentarily.Anderson also conjectures that this result extends to more general asymptotically locally
4In principle the metric may also be complex, although we will not consider that possibility here.
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AdS4 solutions to the Einstein-Maxwell equations. Assuming this conjecture holds, wemay hence restrict our search to SU(2)× U(1)-invariant solutions.5The general ansatz for the metric and gauge field takes the form
ds24 = α2(r)dr2 + β2(r)(σ21 + σ22 ) + γ2(r)σ23 ,A = h(r)σ3 , (3.4)
where σ1, σ2, σ3 are SU(2) left-invariant one-forms, which may be written in terms ofEuler angular variables as
σ1 + iσ2 = e−iψ(dθ + i sinθdφ) , σ3 = dψ + cosθdφ . (3.5)
Note that in the case h(r) ≡ 0, when the metric is necessarily Einstein, the general formof the solutions was obtained by Page-Pope [73]. We are not aware of any study of theequations in the most general Einstein-Maxwell case. In appendix C we show that thegeneral solution to (3.2) with the ansatz (3.4) is given by
ds24 = r2 − s2Ω(r) dr2 + (r2 − s2)(σ21 + σ22 ) + 4s2Ω(r)r2 − s2 σ23 ,
A = (P r2 + s2r2 − s2 −Q 2rsr2 − s2
) σ3 , (3.6)
where
Ω(r) = (r2 − s2)2 + (1− 4s2)(r2 + s2)− 2Mr + P2 −Q2 . (3.7)
Here s, M , P and Q are integration constants. This coincides with an analytic con-tinuation of the Reissner-Nordström-Taub-NUT-AdS (RN-TN-AdS) solutions originallyfound in [74] and [75], and reduces to the Page-Pope metrics for P2 − Q2 = 0. Thesupersymmetry properties of the RN-TN-AdS solutions were studied in [76] and [77].It is a simple matter to check that the metric (3.6) is asymptotically locally AdS4 as|r| → ∞. At large |r| the metric is to leading order
ds24 ≈ dr2r2 + r2 (σ21 + σ22 + 4s2σ23) , (3.8)
so that the conformal boundary at r = ±∞ is (locally) a biaxially squashed S3.
5 This result should be contrasted with the corresponding situation for asymptotically locally Euclideanmetrics, where Killing vector fields on the boundary do not necessarily extend inside. The canonicalexamples are the Gibbons-Hawking multi-centre solutions [72].
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3.2.2 BPS equations
The requirement of supersymmetry imposes constraints on the four parameters s,M,Pand Q. In appendix D.1 we show that the integrability condition of (2.10) implies
D = 0 , B+B− = 0 , (3.9)
where
D ≡ 2 [MP − sQ(1− 4s2)] ,B± ≡ (M ± sQ)2 − s2(1± P − 4s2)2 − (1± 2P − 5s2)(P2 −Q2) . (3.10)
These are necessary but not sufficient conditions for supersymmetry. One can show thatsolutions to the algebraic equations (3.10) fall into three classes:
Class I : M = ±2sQ , P = ∓12(4s2 − 1) ,Class II : M = ±Q√4s2 − 1 , P = ∓s√4s2 − 1 ,Class III : M = ∓s(4s2 − 1) , P = ±Q . (3.11)
As we will show in the next section by explicitly solving the Killing spinor equation (2.10),Class I corresponds to 1/4 BPS solutions while Class II corresponds to 1/2 BPS solutions.Class III are Einstein but in general not supersymmetric, although both Classes II and IIIsatisfy D = B+ = B− = 0. The upper and lower signs in (3.11) in fact lead to the same(local) solutions for the metric and gauge field: in Class II the upper and lower signsare exchanged by sending {r → −r, s → −s}, while for Class I the upper and lowersigns are exchanged by sending {r → −r, ψ → −ψ,φ → −φ}. Thus, after a change ofvariable, the solutions for the metric and gauge field are in fact identical. Without lossof generality we will thus focus on the following two cases:
1/4 BPS : M = 2sQ , P = −12(4s2 − 1) , (3.12)1/2 BPS : M = Q√4s2 − 1 , P = −s√4s2 − 1 . (3.13)
3.2.3 Killing spinors
In this section we solve the Killing spinor equation (3.3). We will do so separately forthe two classes of BPS constraints (3.12), (3.13). In this section we will only derive theform of the Killing spinors in a convenient local orthonormal frame; global aspects ofthese spinors will be addressed later in the paper, and in particular in appendix E. TheEinstein metrics in Class III will be discussed further in section 3.3.
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We work in the local orthonormal frame
e1 = √r2 − s2 σ1 , e2 = √r2 − s2 σ2 ,
e3 = 2s√ Ω(r)r2 − s2σ3 , e4 =
√r2 − s2Ω(r) dr , (3.14)
and write Ω(r) as
Ω(r) = (r − r1)(r − r2)(r − r3)(r − r4) . (3.15)
We take the following basis of four-dimensional gamma matrices:
Γα = ( 0 τατα 0
) , Γ4 = ( 0 iI2−iI2 0
) , (3.16)
where τα , α = 1, 2, 3 are the Pauli matrices. Accordingly,
Γ5 ≡ Γ1Γ2Γ3Γ4 = ( I2 00 −I2
) . (3.17)
We decompose the Dirac spinor ε into positive and negative chirality parts as
ε = ( ε+ε−
) , (3.18)
and further denote the components of ε± as
ε± = ( ε(+)±ε(−)±
) . (3.19)
1/2 BPS solutions
In this section we solve the Killing spinor equation (3.3) for the second class of BPSconstraints (3.13). We first obtain an algebraic relation between ε+ and ε− by using theintegrability condition (D.1). In particular, by decomposing (D.1) into chiral parts usingthe (3.16) basis of gamma matrices we derive
ε(+)− = i√r − sr + s
√ (r − r1)(r − r2)(r − r3)(r − r4)ε(+)+ ,
ε(−)− = i√r − sr + s
√ (r − r3)(r − r4)(r − r1)(r − r2)ε(−)+ . (3.20)
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Here we have identified the roots of Ω(r) in (3.15) as{ r4r3
} = 12
[−√4s2 − 1±√8s2 − 4Q − 1] ,{ r2r1
} = 12
[√4s2 − 1±√8s2 + 4Q − 1] . (3.21)
We continue by looking at the µ = r component of the Killing spinor equation. Decom-posing this into chiral parts we obtain
∂r ε+ = − i2
√r2 − s2Ω(r) ε− − i
√r2 − s2Ω(r) · s
√4s2 − 1 +Q2(r − s)2 τ3 ε− ,
∂r ε− = + i2
√r2 − s2Ω(r) ε+ + i
√r2 − s2Ω(r) · s
√4s2 − 1−Q2(r + s)2 τ3 ε+ . (3.22)
Using the relations (3.20) it is straightforward to solve the above first order ODEs. Thegeneral solution is
ε+ =
 √ (r−r3)(r−r4)r−s χ (+)√ (r−r1)(r−r2)r−s χ (−)
 , ε− = i
 √ (r−r1)(r−r2)r+s χ (+)√ (r−r3)(r−r4)r+s χ (−)
 , (3.23)
where the components χ (±) depend only on the angular coordinates. We may then formthe r-independent two-component spinor
χ ≡ ( χ (+)χ (−)
) , (3.24)
The remaining components of the Killing spinor equation (2.10) then reduce to the fol-lowing Killing spinor equation for χ :(∇(3)α − iA(3)α − is2 γα − i2√4s2 − 1γαγ3
)χ = 0 . (3.25)
Here ∇(3) denotes the spin connection for the three-metric
ds23 = σ21 + σ22 + 4s2σ23 , (3.26)
with γα = τα , α = 1, 2, 3 generating the corresponding Cliff(3, 0) algebra in an orthonor-mal frame, and
A(3) = limr→∞A = Pσ3 = −s√4s2 − 1σ3 . (3.27)
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The three-metric (3.26) and gauge field (3.27) are in fact the conformal boundary of (3.6)at r = ∞. It is important to stress here that, in general, the expression (3.27) is validonly locally, that is in a coordinate patch. The precise global form of the gauge field,and how this interacts with the spin structure, will be discussed later in the paper, andin particular in appendix E.The general solution to (3.25) in the orthonormal frame
e˜1 = σ1 , e˜2 = σ2 , e˜3 = 2sσ3 (3.28)
induced from the r →∞ limit of the frame (3.14) (e˜a = limr→∞ ea/r) is
χ = ( cos θ2 ei(ψ+φ)/2 − sin θ2 ei(ψ−φ)/2γ sin θ2 e−i(ψ−φ)/2 γ cos θ2 e−i(ψ+φ)/2
)χ(0) , (3.29)
where χ(0) is any constant two-component spinor and we have defined
γ ≡ i(2s+√4s2 − 1) . (3.30)
The Killing spinors in this 1/2 BPS class are thus given explicitly by (3.23), with χ givenby (3.24), (3.29).
1/4 BPS solutions
In this section we solve the Killing spinor equation (3.3) for the first class of BPS con-straints (3.12). We again obtain an algebraic relation between ε+ and ε− by using theintegrability condition (D.1):
ε(+)− = ε(+)+ = 0 ,
ε(−)− = i√r − sr + s ·
√ (r − r1)(r − r2)(r − r3)(r − r4)ε(−)+ . (3.31)
Here we have identified the roots of Ω(r) in (3.15) as{ r4r3
} = s±√2Q + 4s2 − 12 ,{ r2r1
} = −s±√−2Q + 4s2 − 12 . (3.32)
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The µ = r component of the Killing spinor equation reads
∂r ε+ = − i2
√r2 − s2Ω(r) ε− − i
√r2 − s2Ω(r) · 1− 2Q − 4s24(r − s)2 τ3 ε− ,
∂r ε− = + i2
√r2 − s2Ω(r) ε+ + i
√r2 − s2Ω(r) · 1 + 2Q − 4s24(r + s)2 τ3 ε+ . (3.33)
Using the relations (3.31) the general solution is
ε =  √ (r−r3)(r−r4)r−si√ (r−r1)(r−r2)r+s
⊗ χ , (3.34)
where again χ is a two-component spinor independent of r. The remaining componentsof equation (2.10) reduce to the following Killing spinor equation for χ :(∇(3)α − iA(3)α + is2 γα
)χ = 0 . (3.35)
Here ∇(3)α and γα are the spin connection and gamma matrices for the same biaxiallysquashed three-sphere metric (3.26), while (locally) the gauge field is now
A(3) = limr→∞A = Pσ3 = −12(4s2 − 1)σ3 . (3.36)
Notice that (3.35) is different to the 1/2 BPS equation (3.25). The general solution to(3.35) in the orthonormal frame (3.28) is
χ = ( 0χ (−)(0)
) , (3.37)
where χ (−)(0) is a constant.
3.3 Regular self-dual Einstein solutions
Having completed the local analysis, in this section we continue by finding all globallyregular supersymmetric Einstein solutions. These are necessarily self-dual, meaningthat the Weyl tensor is self-dual, with the gauge field being an instanton, i.e. withself-dual field strength F .6 The condition of regularity means requiring that the localmetric given in (3.6) extends to a smooth complete metric on a four-manifold M(4), andthat the gauge field A and Killing spinor are non-singular. Here it is important tospecify globally precisely what are the gauge transformations of the gauge field A, andwe shall find, throughout the whole paper, that regularity of the metric automatically
6 Of course, a change of orientation replaces self-dual by anti-self-dual in these statements.
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implies that A satisfies the quantization condition for a spinc gauge field on M(4), andthat the Killing spinors are correspondingly then smooth spinc spinors.7 We shall findtwo Einstein metrics in this class, both of which are known in the literature: the Taub-NUT-AdS solution, with the topology M(4) = R4 [78], and the Quaternionic-Eguchi-Hanson solutions, with topology the total space of the complex line bundleM(4) = Mp ≡
O(−p)→ S2, for p ≥ 3 [79, 80]. In fact these both derive from the same local solution in(3.6). These are not supersymmetric without the addition of an instanton gauge field.
3.3.1 BPS equations
It is straightforward to show that the metric in (3.6) is Einstein if and only if P2−Q2 = 0.The field strength F is then self-dual, meaning that the gauge field A is an instanton.Thus, as commented in the previous section, the metrics in Class III are all Einstein.Recall that in this case
M = ∓s(4s2 − 1) , (3.38)
and the metric function Ω(r) in (3.7) simplifies to
Ω(r) = (r ∓ s)2 [1 + (r ∓ s)(r ± 3s)] . (3.39)
For the 1/2 BPS Class II, setting P = ±Q the BPS condition (3.13) implies
1/2 BPS : Q = ∓s√4s2 − 1 , (3.40)
and hence againM is given by (3.38). For the 1/4 BPS Class I, instead the BPS condition(3.12) gives
1/4 BPS : Q = ∓12(4s2 − 1) , (3.41)
which means that yet again M is given by (3.38).Thus for all cases with P2 = Q2 the metric is given by the same Einstein metric, withthe metric function Ω(r) given by (3.39), but the gauge field instantons for the 1/2 BPS(3.40) and 1/4 BPS (3.41) classes are different. Class III clearly contains these supersym-metric solutions, but allows for an arbitrary rescaling of the instanton, described by thefree parameter P = ±Q. In fact we prove in appendix D.2 that the only supersymmetricsolutions in Class III are the solutions above in Class I and II. We may thus henceforthdiscard Class III.
7 In section 3.6 we shall discuss how uplifiting these solutions to eleven dimensions imposes furtherconditions, in particular it will turn out that λA is a bona fide connection, for some rational number λ thatwe will determine. Correspondingly, the eleven-dimensional metric and Killing spinors will be globallydefined only for certain choices of p, related to λ.
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3.3.2 Einstein metrics
The Einstein metric described in the previous subsection is
ds24 = r2 − s2Ω(r) dr2 + (r2 − s2)(σ21 + σ22 ) + 4s2Ω(r)r2 − s2 σ23 , (3.42)
where
Ω(r) = (r ∓ s)2 [1 + (r ∓ s)(r ± 3s)] . (3.43)
One can check that the Weyl tensor of this metric is self-dual. Notice that without lossof generality we may consider only the case r → +∞ for the asymptotic boundary (3.8).Due to the ± signs in (3.43) we may also without loss of generality assume that s ≥ 0.8It will be useful to note that the four roots of Ω(r) in (3.43) in this case may be writtenas { r4r3
} = ±s ,{ r2r1
} = { ∓s+√4s2 − 1∓s−√4s2 − 1
} . (3.44)
In particular, r1 and r2 are complex for 0 ≤ s < 12 . Notice these agree with the corre-sponding limits of the general roots in (3.32); the relation to the roots in (3.21) is morecomplicated, and will be discussed in section 3.4.
Taub-NUT-AdS
We begin by considering the upper signs in (3.44). In this case r3 = r4 = s is the largestroot of Ω(r), so that Ω(r) > 0 for r > s. This case was discussed in [81], and the metricis automatically regular at the double root r = s provided the Euler angle ψ has period4pi, so that the surfaces of constant r > s are diffeomorphic to S3. Then {r = s} isa NUT-type coordinate singularity, and the metric is a smooth and complete metric on
M(4) = R4, with the origin of R4 being naturally identified with {r = s}. In fact themetric is the metric on AdS4 for the particular value s = 12 , with the limit s = 0 beingsingular. The conformal boundary is correspondingly the round three-sphere for s = 12 ,with s > 12 and 0 < s < 12 either “stretching” or “squashing” the size of the Hopf fibreS1 relative to the S2 base.
8 At this point it might look more convenient to fix a choice of sign and simply take s ∈ R. However,this choice of parametrization turns out to be inconvenient when comparing to the non-Einstein solutionsdiscussed in later sections.
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Quaternionic-Eguchi-Hanson
We next consider the lower signs in (3.44). In this case it is not possible to make themetric regular for 0 < s < 12 , since in this range the largest root is at r = −s < 0,and the coefficient of σ23 then blows up at r = s > 0, which leads to a singular metric.However, for s > 12 the largest root is now at r2 = s + √4s2 − 1, and thus we mightobtain a regular metric by taking r ≥ r2. To examine this possibility, we note that nearto r = r2 the metric is to leading order
ds24 ≈ r1 + s2(r − r2)dr2 + (r22 − s2)(σ21 + σ22 ) + 8s2(r − r2)(r1 + s) σ23 . (3.45)
Changing coordinate to
R2 = 2(r1 + s)(r − r2) , (3.46)
the metric is to leading order near R = 0 given by
ds24 ≈ dR2 + ( 2sr1 + s
)2 R2(dψ + cosθdφ)2 + (r22 − s2)(σ21 + σ22 ) . (3.47)
We obtain a smooth metric on the S2 at R = 0 provided that θ ∈ [0, pi2 ] and φ hasperiod 2pi. On surfaces r > r2 we must then take ψ to have period 4pi/p, so that thesethree-manifolds are biaxially squashed Lens spaces S3/Zp. The collapse of the metric(3.47) at R = 0 is smooth if and only if the period ∆ψ = 4pi/p of ψ satisfies
2sr1 + s∆ψ = 2pi . (3.48)We thus conclude that the squashing parameter is fixed to be
s = sp ≡ p4√p− 1 . (3.49)
Since s > 12 , this implies that for each integer p ≥ 3 there exists a unique smoothQuaternionic-Eguchi-Hanson metric on the total space Mp of the complex line bundle
O(−p) → S2. In particular, the conformal boundary is then the biaxially squashed Lensspace S3/Zp, with squashing parameter fixed in terms of p via (3.49).The Quaternionc-Eguchi-Hanson metric is often presented in a different coordinatesystem. The change of variable
r(ρ)2 = s2 + ρ − a2(1− ρ)2 ,s2 = 12(1− a2) , (3.50)
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leads to the metric
ds24 = 1(1− ρ)2
[ (ρ − a2)dρ2ρ2 − a2 + (ρ − a2)(σ21 + σ22 ) + ρ2 − a2ρ − a2 σ23
] . (3.51)
In these coordinates the conformal boundary is at ρ = 1, and a = ap ≡ 1− 8(p−1)p2 .
3.3.3 Instantons
As already commented, the Taub-NUT-AdS and Quaternionic-Eguchi-Hanson manifoldsare, by themselves, not supersymmetric. However, they become 1/2 BPS and 1/4 BPSsolutions by turning on the instanton gauge field in (3.6) with P = ±Q and Q fixed interms of s via (3.40) and (3.41), respectively. This is clear locally. In the remainder ofthis section we examine global issues. In particular, the instantons for the Quaternionic-Eguchi-Hanson solution will turn out to be automatically spinc connections in gen-eral, with the corresponding Killing spinor ε also being a spinc spinor. This is clearlynecessary in order to have a smooth, globally-defined four-dimensional solution, since
Mp ≡ O(−p) → S2 is a spin manifold if and only if p is even, while it is spinc for allp ∈ Z. We emphasize that in this section we are treating the solutions as purely four-dimensional. When we uplift to eleven-dimensional solutions in section 3.6 we will needto reconsider the gauge field A; in particular, what gauge transformations it inherits fromeleven dimensions, and just as importantly whether it is A that is “observable”, or rathersome multiple of it – cf. footnote 7.We begin by noting that with P = ±Q the local gauge field (3.6) is
A = Pf±(r)σ3 , (3.52)
where we have defined
f±(r) ≡ r ∓ sr ± s . (3.53)
The corresponding field strength is thus
F = dA = Pf ′±(r)dr ∧ σ3 − Pf±(r)σ1 ∧ σ2 . (3.54)
The value of P is fixed to be
1/4 BPS : P = −12(4s2 − 1) ,1/2 BPS : P = −s√4s2 − 1 . (3.55)
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Taub-NUT-AdS
Recall that for the Taub-NUT-AdS solution we must take the upper signs in (3.52). Thenthis gauge field is a globally well-defined one-form on {r > s} ∼= R+ × S3. Crucially, atr = s the function f+(s) = 0. In fact near to this point f+(r) vanishes as ρ2 as ρ → 0,where ρ denotes geodesic distance from the origin of R4 at r = s. It follows that A is aglobal smooth one-form on the whole ofM(4) = R4, and that the instanton is everywheresmooth and exact. This is true for either value of P in (3.55). It follows that for alls > 0 we get a 1/2 BPS and a 1/4 BPS smooth Euclidean supersymmetric supergravitysolution on R4. The 1/2 BPS solution was found in [81], while the 1/4 BPS solution isnew.
Quaternionic-Eguchi-Hanson
Recall that for the Quaternionic-Eguchi-Hanson solution we must take the lower signsin (3.52). In this case the latter gauge field is not defined at r = r2, where the vectorfield ∂ψ has zero length. However, the field stength (3.54) is manifestly a smooth globaltwo-form on the four-manifold Mp = O(−p) → S2. It is straightforward to compute theflux through the S2 ⊂Mp at r = r2:
∫
S2
F2pi = −2Pf−(r2) =
 4s2 − 1 + 2s
√4s2 − 1 1/4 BPS4s2 + 2s√4s2 − 1 1/2 BPS , (3.56)




 p2 − 1 1/4 BPSp2 1/2 BPS . (3.57)
In particular, for p even we see that F/2pi defines an integral cohomology class inH2(Mp,Z) ∼= Z, while for p odd instead F/2pi has half-integer period. This is pre-cisely the condition that A is a spinc connection. Recall that the curvature F of a spincconnection A on a manifold M satisfies the quantization condition
2 ∫Σ F2pi =
∫
Σw2(M) mod 2 , (3.58)
where Σ ⊂ M runs over all two-cycles in M. Here w2(M) ∈ H2(M,Z2) denotes thesecond Stiefel-Whitney class of (the tangent bundle of) M. For Mp = O(−p)→ S2, it isstraightforward to compute that w2(Mp) = p mod 2 ∈ Z2 ∼= H2(Mp,Z2). Thus for both1/2 BPS and 1/4 BPS cases in (3.57) we see that A is a spinc connection for all valuesof p ≥ 3.This is also clearly necessary for the Killing spinors in section 3.2.3 to be globally
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well-defined. For p an odd integer, the manifolds Mp are not spin manifolds, so it isnot possible to globally define a spinor ε on Mp. However, from the Killing spinorequation (2.10) we see that ε is charged under the gauge field A. This precisely definesa spinc spinor, with spinc gauge field A, provided that the curvature F = dA satisfies thequantization condition (3.58). Thus the Killing spinors, in both 1/2 BPS and 1/4 BPScases, are globally spinc spinors on Mp. This is discussed in detail in appendix E. Theupshot is that both the 1/2 BPS and 1/4 BPS Quaternionic-Eguchi-Hanson solutionson Mp = O(−p) → S2 lead to globally defined Euclidean supersymmetric supergravitysolutions, for all p ≥ 3. Specifically, the four-component Dirac (spinc) spinors ε in thetwo cases are smooth sections of the bundles pi∗ [O(p− 2)⊕ O(0)⊕ O(−2)⊕ O(p)] 1/4 BPSpi∗ [O(p− 1)⊕ O(1)⊕ O(−1)⊕ O(p+ 1)] 1/2 BPS , (3.59)
where pi : Mp → S2 denotes projection onto the bolt/zero-section.We refer the reader to appendix E for a detailed discussion, but we conclude thissection with some comments about the global form of the above Killing spinors and gaugefield. In fact these comments will apply equally to all the four-dimensional solutions inthis paper. The conformal boundary of the Quaternionic-Eguchi-Hanson solutions is asquashed S3/Zp, with particular squashing fixed in terms of p by (3.49). In the 1/2 BPScase the three-dimensional Killing spinor χ in (3.29) on constant r > r2 hypersurfacesappears to depend on the coordinate ψ, but this is an artifact of the frame not beinginvariant under ∂ψ . One can check that L∂ψχ = 0, and one is then free to take the
Zp quotient along ψ and preserve supersymmety. When p is odd the bulk spinors arenecessarily spinc spinors, and these restrict to the unique spin bundle on the surfaces{r > r2} ∼= S3/Zp. When p is even the bulk is a spin manifold, and the surfaces{r > r2} ∼= S3/Zp have two inequivalent spin structures, which we refer to as “periodic”and “anti-periodic” in appendix E.9 The spinor bundle of the bulk in fact restricts tothe anti-periodic spinor bundle on S3/Zp, but the spinc bundle in (3.59) that our Killingspinors are sections of restricts to the periodic spinor bundle on S3/Zp. The p2 units offlux in (3.57) play a crucial role in this discussion.The 1/4 BPS case is essentially the same, but with one small difference. The three-dimensional Killing spinor χ in (3.37) appears to be independent of ψ, but now therotating frame in fact means that L∂ψχ = i2χ , introducing an overall ψ-dependence ofeiψ/2 in χ . Thus the 1/4 BPS spinors on {r > r2} ∼= S3/Zp hypersurfaces apparentlydepend on ψ, which would seem to prevent one from quotienting by Zp and preservingsupersymmetry. However, in solving the Killing spinor equation in section 3.2.3 we did
9 This is by analogy with the two spin structures on S1, but it is not meant to indicate any particularperiodicity properties of the spinors.
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not take into account the global form of the gauge field A(3). The full gauge field is
A(3) = A(3)global + A(3)flat = Pσ3 + A(3)flat , (3.60)
where A(3)flat is a flat connection. The factor of −1 in the flux (3.57), relative to the 1/2BPS case, precisely induces on S3/Zp a flat connection on the torsion line bundle L −1with c1(L ) = 1 ∈ Zp ∼= H2(S3/Zp,Z). The concrete effect of this is to introduce (locally)a phase e−iψ/2 into the Killing spinor χ , cancelling the phase eiψ/2 described above, andmeaning that the correct global form of the Killing spinor χ is in fact independent ofψ. Thus the −1 factor in (3.57), relative to the 1/2 BPS case, is crucial in order thatthese 1/4 BPS solutions are globally supersymmetric. We refer the interested reader toappendix E for a detailed discussion of these issues.Finally, let us comment further on the global form of the boundary gauge field in(3.60). The gauge field at infinity A(3) is naively given by (3.52) restricted to r = ∞,which is
A(3)global ≡ Pσ3 , (3.61)
where σ3 is a globally defined one-form on S3/Zp (it is the global angular form for thefibration S3/Zp → S2). Thus at first sight the gauge field at infinity is a global one-form,and thus is a connection on a trivial line bundle. However, this conclusion is false ingeneral. The above argument is incorrect - the gauge field in (3.52) is defined onlylocally on Mp, since it is ill-defined on the bolt at r = r2, and for p odd is not evenglobally a gauge field. This is discussed carefully in appendix E. If∫
S2
F2pi = n2 , (3.62)
then the upshot is that the gauge field at conformal infinity is (3.60) where A(3)flat is acertain flat connection. Using the result of appendix E, we compute the first Chern classof the latter (which determines it uniquely) as
Zp ∼= H2(S3/Zp,Z) 3 c1(A(3)flat) =

 p2 − 1 p evenp− 1 p odd 1/4 BPS p2 p even0 p odd 1/2 BPS
. (3.63)
Notice that the integers on the right hand side are defined only mod p. The term Pσ3thus gives only the globally defined part of the gauge field, in general.We conclude by emphasizing again that when we lift these solutions to eleven di-mensions, in some cases we will need to re-examine the global form of the gauge trans-formations of A inherited from eleven dimensions, to determine which solutions have the
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“same” boundary data. In particular, a flat gauge field such as A(3)flat is always locallytrivial, and the only information it contains is therefore global.
3.4 Regular 1/2 BPS solutions
In this section we find all globally regular supersymmetric solutions satisfying the 1/2BPS condition (3.13). For all such solutions the (conformal class of the) boundary three-manifold will be S3/Zp with biaxially squashed metric
ds23 = σ21 + σ22 + 4s2σ23 , (3.64)
where σ3 = dψ + cosθdφ and ψ has period 4pi/p, while the boundary gauge field is
A(3) = Pσ3 + A(3)flat = −s√4s2 − 1σ3 + A(3)flat . (3.65)
The flat gauge field A(3)flat is present for precisely the same global reasons discussed at theend of section 3.3. The boundary Killing spinor equation is (3.25), which we reproducehere for convenience(∇(3)α − iA(3)α − is2 γα − i2√4s2 − 1γαγ3
)χ = 0 . (3.66)
The solution χ is given by (3.29). It will be important to note that a solution to theabove boundary data with given s is diffeomorphic to the same solution with s → −s.Thus it is only |s| that is physically meaningful at infinity. This is completely obviousfor the metric (3.64). We may effectively change the sign of s in the gauge field (3.65)by the change of coordinates {ψ → −ψ,φ → −φ}, which sends σ3 → −σ3. Similarly,we may effectively change the sign of s in the Killing spinor equation (3.66) by sendingγα → −γα , which generate the same Clifford algebra Cliff(3, 0).As we shall see, and perhaps surprisingly, for fixed conformal boundary data wesometimes find more than one smooth supersymmetric filling, with different topologies.This moduli space will be described in section 3.4.3.
3.4.1 Self-dual Einstein solutions
The 1/2 BPS Einstein solutions were described in section 3.3. For any choice of conformalboundary data, meaning for all p ∈ N and all choices of squashing parameter s > 0,there exists the 1/2 BPS Taub-NUT-AdS/Zp solution on R4/Zp. This has metric (3.42),(3.43) and ψ is taken to have period 4pi/p. This solution then has an isolated Zp orbifoldsingularity at r = s for p > 1, or, removing the singularity, the topology is R>0 ×S3/Zp.Although R4/Zp is (mildly) singular for p > 1, there is evidence that this solution isindeed an appropriate gravity dual [82]. In the latter reference the large N limit of the
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free energy of the ABJM theory on the unsquashed (s = 12 ) S3/Zp was computed, andfound to agree with the free energy of AdS4/Zp.On the other hand, for each p ≥ 3 and specific squashing parameter s = sp = p4√p−1we also have the Quaternionic-Eguchi-Hanson solution. Thus for each p ≥ 3 and s = spthere exist two supersymmetric self-dual Einstein fillings of the same boundary data:the Taub-NUT-AdS solution on R4/Zp and the Quaternionic-Eguchi-Hanson solutionon Mp = O(−p) → S2. However, in concluding this we must be careful about theglobal boundary data in the two cases. As discussed around equation (3.63), the 1/2BPS Quaternionic-Eguchi-Hanson solution has a gauge field on the conformal boundaryS3/Zp with torsion first Chern class c1 = p2 mod p when p is even. That is, globally A(3)is a connection on the torsion line bundle L p2 when p is even, where c1(L ) = 1 ∈ Zp ∼=H2(S3/Zp,Z) (notice c1 = 0 mod p when p is odd). However, at the same time, the spinorsin the bulk restrict to sections of the spin bundle S1 on the boundary. As discussed indetail in appendix E, in fact the latter bundle is isomorphic to S0⊗L p2 ∼= S1, thereforethe net effect of the non-trivial flat connection on the torsion line bundle L p2 is to turnthe boundary spinor into sections of S0 ∼= S1 ⊗L p2 , the periodic spin bundle, preciselyas for the spinors on the Taub-NUT-AdS solutions. Effectively, the additional flat gaugefield induced from the bulk then cancels against the corresponding difference in the spinconnection.
3.4.2 Non-self-dual Bolt solutions
Regularity analysis
We begin by analysing when the general metric in (3.6) is regular, where for the 1/2BPS class the metric function Ω(r) = (r − r1)(r − r2)(r − r3)(r − r4) has roots10{ r4r3
} = 12
[−√4s2 − 1±√8s2 − 4Q − 1] ,{ r2r1
} = 12
[√4s2 − 1±√8s2 + 4Q − 1] . (3.67)
Again, without loss of generality we may take the conformal boundary to be at r = +∞.A complete metric will then necessarily close off at the largest root r0 of Ω(r), whichmust satisfy r0 ≥ s (if r0 < s then the metric (3.6) is singular at r = s). Given (3.67), thelargest root is thus either r0 = r+ or r0 = r−, where
r± ≡ 12
[±√4s2 − 1 +√8s2 ± 4Q − 1] . (3.68)
10Notice that this parametrization of the roots is different to the self-dual Einstein limit in section 3.3.2.For example, setting Q = −s√4s2 − 1 we have from (3.68) that r± = s for s > 0, which thus match onto theroots r3, r4 of section 3.3.2, while r± = −s±√4s2 − 1 for s ≤ − 12 , which thus match onto the roots r1, r2 ofsection 3.3.2.
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We first note that r0 = r± = s leads only to the Q = ∓s√4s2 − 1 Taub-NUT-AdSsolutions considered in the previous section. Thus r0 > s and if ψ has period 4pi/p thenthe only possible topology is Mp = O(−p) → S2. Regularity of the metric near to theS2 zero section at r = r0 requires ∣∣∣∣r20 − s2sΩ′(r0)
∣∣∣∣ = 2p . (3.69)
This condition ensures that near to ρ = 0, where ρ ≡ λ√r − r0 is geodesic distance nearthe bolt (for appropriate constant λ > 0), the metric (3.6) takes the form
ds24 ≈ dρ2 + ρ2 [d(pψ2
)+ p2 cosθdφ
]2 + (r20 − s2)(dθ2 + sin2 θdφ2) . (3.70)
Here pψ/2 has period 2pi. Imposing (3.69) at r0 = r± gives
Q = Q±(s) ≡ ∓128s4 − 16s2 − p264s2 . (3.71)In turn, one then finds that the putative largest root is
r±(Q = Q±(s)) = 18
[ p|s| ± 4√4s2 − 1
] . (3.72)
At this point we should pause to notice that a solution with given s > 0 will beequivalent to the corresponding solution with s → −s < 0. This is because Q±(s) =Q±(−s) in (3.71), which then leads to exactly the same set of roots in (3.67), and thus thesame local metric, while P(−s) = −P(s). However, from the explicit form of the gaugefield in (3.6) we see that the diffeomorphism {ψ → −ψ,φ → −φ} maps σ3 → −σ3, whichtogether with s → −s then leaves the gauge field invariant. Thus our parametrizationof the roots in (3.67) is such that we need only consider s > 0, which we henceforthassume.Recall that in order to have a smooth metric, we require r0 > s. Imposing this forr0 = r±(Q±(s)) gives
r±(Q±(s))− s = f±p (s) , (3.73)
where we must then determine the range of s for which the function
f±p (s) ≡ 12 [ p4s − 2s±√4s2 − 1] (3.74)
is strictly positive, in order to have a smooth metric. In addition, we must verify that(3.72) really is the largest root. We thus define
r±(Q±(s))− r∓(Q±(s)) = h±p (s) , (3.75)
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where as in all other formulae in this paper the signs are read entirely along the top orthe bottom, and one finds
h±p (s) ≡ 12
[ p4s ± 2√4s2 − 1−
√16s2 − 2− p216s2
] . (3.76)
Then (3.72) is indeed the largest root provided also h±p (s) is positive, or is complex.11We are thus reduced to determining the subset of {s > 0} for which f±p (s) is strictlypositive, and h±p (s) is either strictly positive or complex (since then the putative largerroot is in fact complex). We refer to the two sign choices as positive and negative branchsolutions. The behaviour for p = 1 and p = 2 is qualitatively different from that withp ≥ 3, so we must treat these cases separately.
p = 1
It is straightforward to see that f±1 (s) < 0 for s ∈ [12 ,∞), so that the metric cannot bemade regular for s in this range. Specifically, f±1 (12 ) = −14 : since f−1 (s) is monotonicdecreasing, this rules out taking r0 = r−(Q−(s)) given by (3.72); on the other handf+1 (s) monotonically increases to zero from below as s → ∞, and we thus also rule outr0 = r+(Q+(s)) in (3.72). For s ∈ (0, 12 ) the putative largest root is complex, so this rangeis also not allowed. We thus conclude that there are no additional 1/2 BPS solutions withp = 1. This proves that the only 1/2 BPS solution with S3 boundary is Taub-NUT-AdS.
p = 2
We have f±2 (12 ) = 0. Since f−2 (s) is monotonic decreasing on s ∈ (12 ,∞) we rule outthe branch r0 = r−(Q−(s)) for s ∈ [12 ,∞). On the other hand, one can check thatdds f+2 (12 ) = +∞, f+2 (s) has a single turning point on s ∈ (12 ,∞) at s = 14√2 + 2√5, andf+2 (s) → 0 from above as s → ∞. In particular for all s > 12 we may take Q = Q+(s)and r0(s) = r+(Q+(s)), since we have shown that then r0(s) > s for all s > 12 . We mustthen check that r0(s) really is the largest root of Ω(r) in this range. This follows sinceh+2 (s) > 0 holds for all s in this range, and thus this positive branch exists for all s > 12 .Again, the roots are complex for s ∈ (0, 12 ). In conclusion, we have shown that for alls ∈ (12 ,∞) we have a regular 1/2 BPS solution on M2 = O(−2)→ S2.12
11 If h±p (s) is negative, one cannot then simply take the larger root r∓(Q±(s)) to be r0, as the regularitycondition (3.69) does not hold.12 Notice that the s = 12 limiting solution fills a round Lens space S3/Z2. We shall discuss this further insection 3.4.2.
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p ≥ 3
Positive branches
One can check that for all p > 2 we have f+p (12 ) > 0, dds f+p (12 ) = +∞, and f+p (s) has asingle turning point on s ∈ (12 ,∞) given by
dds f+p (s) = 0 =⇒ s =
√p(4− p+√p(p+ 8))32(p− 1) . (3.77)
Moreover, then f+p (s) → 0 from above as s → ∞. Setting Q = Q+(s), we must checkthat r+(Q+(s)) is the largest root. In fact r−(Q+(s)), and hence h+p (s), is real here onlyfor s ≥ 14√1 +√p2 + 1. In this range (which notice is automatic when p = 2) one cancheck that h+p (s) is strictly positive. In conclusion, taking Q = Q+(s) one finds thatr0(s) = r+(Q+(s)) is indeed the largest root of Ω(r) and satisfies r0(s) > s for all s ≥ 12 .Thus the metric is regular. In conclusion, we have shown that for all s ∈ [12 ,∞) we havea regular 1/2 BPS solution on Mp = O(−p)→ S2.
Negative branches
For p ≥ 3 we also have regular solutions from the negative branch. Indeed, we now havef−p (12 ) > 0. Since f−p (s) is monotonically decreasing, it follows that f−p (s) is positive onprecisely [12 , sp) for some sp > 1. One easily finds
sp = p4√p− 1 . (3.78)
Again, notice here that p = 2 is special, since s2 = 12 . There is thus potentially anotherbranch of solutions for s in the range
12 ≤ s < p4√p− 1 = sp . (3.79)
To check this is indeed the case, we note that h−p (s) is real only for s ≥ 14√1 +√p2 + 1,and one can check that provided also s < sp then h−p (s) is positive. Thus r−(Q−(s)) isindeed the largest root of Ω(r) for Q = Q−(s) and s satisfying (3.79). In conclusion, wehave shown that for all s ∈ [12 , sp) we have a regular 1/2 BPS solution onMp = O(−p)→S2. The limiting solutions for s = sp, which notice are where the roots r±(Q−(s)) areequal, will be discussed later.
Gauge field and spinors
Having determined this rather intricate branch structure of solutions, let us now turn toanalysing the global properties of the gauge field. After a suitable gauge transformation,
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the latter can be written locally as
A = sr2 − s2 [−2Qr − (r2 + s2)√4s2 − 1] σ3 . (3.80)
In particular, this gauge potential is singular on the S2 at r = r0, but is otherwiseglobally defined on the complement Mp \ S2 of the bolt. The field strength F = dAis easily verified to be a globally defined smooth two-form on Mp, with non-trivial fluxthrough the S2 at r = r0. Indeed, for Q = Q±(s) one computes the period through theS2 at r0(s) = r±(Q±(s)) (respectively) to be∫
S2
F2pi = − 2sr0(s)2 − s2 [−2Q±(s)r0(s)− (r0(s)2 + s2)√4s2 − 1]= ±p2 , (3.81)
the last line simply being a remarkable identity satisfied by the largest root r0(s). Thusthe positive/negative branch solutions have a gauge field flux ±p2 through the bolt,respectively. Following appendix E, and precisely as for the 1/2 BPS Quaternionic-Eguchi-Hanson solutions in section 3.3.3, both branches then induce the same spinorsand global gauge field at conformal infinity, for fixed p and s (the crucial point herebeing that p2 ≡ −p2 mod p, so that the torsion line bundles on the boundary are thesame for the positive and negative branches). Again, in eleven dimensions we will needto reconsider this conclusion, as the physically observable gauge field is not necessarilyA, but rather a multiple of it.For completeness we note that the Dirac spinc spinors are smooth sections of thefollowing bundles: pi∗ [O(p− 1)⊕ O(1)⊕ O(−1)⊕ O(p+ 1)] positive branchpi∗ [O(−1)⊕ O(−p+ 1)⊕ O(−p− 1)⊕ O(1)] negative branch , (3.82)
and that when p is even the boundary gauge field A(3) is a connection on L p2 .
Special solutions
For p ≥ 2 the positive branches described in section 3.4.2 all terminate at s = 12 , whilefor p ≥ 3 the negative branches terminate at s = 12 and s = sp. In this section weconsider these special limiting solutions.
Positive branches
When s = 12 note firstly that the conformal boundary S3/Zp is round, and secondly thatthe global part of the gauge field A(3)global on the conformal boundary is identically zero.
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Indeed, notice that P = 0 when s = 12 , while
Q = Q+ (12) = (p− 2)(p+ 2)16 . (3.83)
Thus for p = 2 in particular we see that P = 0 = Q and thus this solution is self-dual,but with a round S3/Z2 boundary. It is not surprising, therefore, to discover that s = 12 issimply AdS4/Z2 in this case. However, due to the single unit of gauge field flux throughthe bolt (which in this singular limit has collapsed to zero size), the global gauge fieldon the boundary is the unique non-trivial flat U(1) connection on S3/Z2.13For p ≥ 3 we also have P = 0, but now Q > 0 in (3.83). Thus the gauge fieldin the bulk is not an instanton, and correspondingly we obtain a non-trivial smoothnon-self-dual solution on Mp = O(−p) → S2. We will refer to all these solutions asround Lens filling solutions – locally, the conformal boundary is equivalent to the roundthree-sphere.Although this branch does not terminate at s = sp, we note that at this point Q+(sp) =sp√4s2p − 1 = −P so that the solution is self-dual. In fact this solution is precisely theQuaternionic-Eguchi-Hanson solution! Thus although this was isolated as a self-dualsolution, we see that it exists as a special case of a family of non-self-dual solutions.
Negative branches
The discussion for the limit s = 12 is similar to that for the positive branches above. Theonly difference is that now
Q = Q− (12) = − (p− 2)(p+ 2)16 . (3.84)
However, since P = 0 and r+(Q+(12 )) = r−(Q−(12 )), we see that these are actually thesame round Lens filling solutions as on the positive branch. Thus the positive andnegative branches actually join together at this point.Finally, recall that the s = sp limit has h−p (sp) = 0, implying that we have a doubleroot. It follows that this must locally be a Taub-NUT-AdS solution, and indeed one cancheck that this negative branch joins onto Taub-NUT-AdS/Zp with squashing parameters = sp.
3.4.3 Moduli space of solutions
We have summarized the intricate branch structure of solutions in Figure 3.1. In gen-eral the conformal boundary has biaxially squashed S3/Zp metric (3.64), with squashingparameter s > 0, and boundary gauge field given by (3.65). The 1/2 BPS fillings of thisboundary may then be summarized as follows:
13 Correspondingly, the spinors inherited from the bulk are sections ofS1, so that altogether the boundaryspinors are sections of S0.
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Figure 3.1: The moduli space of 1/2 BPS solutions with biaxially squashed S3/Zp bound-ary, with squashing parameter s. The arrows denote identification of solutions on dif-ferent branches. Notice that these moduli spaces are connected for each p, but that forp ≥ 2 the space multiply covers the s-axis. The self-dual Quaternionic-Eguchi-Hansonsolution QEHp appears as a special point on the positive branch for p ≥ 3.
• For p = 1, the boundary S3 with arbitrary squashing parameter s > 0 has a unique1/2 BPS filling, namely the Taub-NUT-AdS solution. For s = 12 one obtains theAdS4 metric as a special case. The gauge field curvature is real for s > 1/2 andimaginary for s < 1/2.
• For p ≥ 2 and arbitrary squashing parameter s > 0 we always have the (mildlysingular) Taub-NUT-AdS/Zp solution. Thus for all boundary data there alwaysexists a gravity filling, provided one allows for orbifold singularities. However,starting with p = 2 there can exist other 1/2 BPS solutions, leading to non-uniquesupersymmetric fillings of the same boundary:
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• For p = 2 and s > 12 there is also a 1/2 BPS filling with the topology M2 =
O(−2) → S2. This degenerates to AdS4/Z2 in the s → 12 limit, but with a non-trivial flat connection. This solution was first found in [81], where it was dubbedsupersymmetric Eguchi-Hanson-AdS. Notice that for p = 2 and s = 12 there thenexists a unique filling of the round S3/Z2, which is the singular AdS4/Z2 solution.
• For all p > 2 and s > 12 there is an even more intricate structure. There is alwaysa positive branch filling with topology Mp = O(−p) → S2, which includes theQuaternionic-Eguchi-Hanson solution at the specific value s = sp = p4√p−1 . In thes = 12 limit (which is non-singular) this branch joins onto a negative branch set ofsolutions, with the same topology. However, this negative branch then exists onlyfor s < sp, and joins onto the Taub-NUT-AdS/Zp general solutions in the s → splimit. In particular, notice that this moduli space is connected, but multiply coversthe s-axis.
3.4.4 Holographic free energy
In this subsection we compute the holographic free energy of the 1/2 BPS solutionssummarized above, using standard holographic renormalization methods [50, 51]. Fur-ther details can be found in appendix F.1. A subtlety for p > 1 is how to calculatethe holographic free energy of the singular Taub-NUT-AdS/Zp solutions, that we shalldiscuss later.The total on-shell action is
I = Igravbulk + IF + Igravct + Igravbdry . (3.85)
Here the first two terms are the bulk supergravity action (3.1)
Igravbulk + IF ≡ − 116piG4
∫ d4x√g(R + 6− F 2) , (3.86)
evaluated on a particular solution. This is divergent, but we may regularize it usingholographic renormalization. Introducing a cut-off at some large value of r = ρ, withcorresponding hypersurface Sρ = {r = ρ}, we then add the following boundary terms
Igravct + Igravbdry = 18piG4
∫
Sρ d3x√γ (2 + 12R(γ)− K) . (3.87)
Here R(γ) is the Ricci scalar of the induced metric γµν on Sρ, and K is the trace of thesecond fundamental form of Sρ, the latter being the Gibbons-Hawking boundary term.
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In all cases the manifold closes off at r = r0, the largest root of Ω(r), and we compute
Igravbulk = 18piG4 16pi2p (2sr3 − 6s3r)∣∣∣ρr0 , (3.88)Igravct + Igravbdry = 18piG4 16pi2p [2Qs√4s2 − 1− 2sρ3 + 6s3ρ +O(ρ−1)] . (3.89)
As expected, the divergent terms cancel as ρ→∞. The contribution to the action of thegauge field is finite in all cases and does not need regularization. For the Taub-NUT-AdScase r0 = s and we compute
IFNUT = 16pi28piG4Q2 = 2piG4 s2(4s2 − 1) (p = 1) , (3.90)while for the Taub-Bolt-AdS cases r0 = r± > s and we compute
IFBolt = 18piG4 16pi2p
2sr0 [(Qr0 + s2√4s2 − 1)2 + (Qs+ sr0√4s2 − 1)2](r20 − s2)2 . (3.91)Combining all the above contributions to the action we obtain the following simple ex-pressions INUT = 2s2 piG4 (p = 1) ,





Here IBolt± refers to the actions of the positive and negative branch solutions, respectively.Recall that IBolt+ exists14 for any p ≥ 2, while IBolt− exists for any p ≥ 3.For any p ≥ 2 we can always fill the boundary squashed Lens space S3/Zp with themildly singular Taub-NUT-AdS/Zp solution, where Zp acts on the coordinate ψ. In thesecases one may be concerned that the supergravity approximation breaks down and theclassical on-shell gravity action (3.85) does not reproduce the correct free energy of theholographic dual field theories. In particular, the fact that the Taub-Bolt-AdS solutionssmoothly reduce to the Taub-NUT-AdS/Zp solutions at the special points (p = 2, s = 12 )and (p ≥ 3, s = sp) (see Figure 3.1) implies that the holographic free energies of theseorbifold solutions must be given by the limits
lims→12 IBolt+ =
12 piG4 (p = 2) ,
lims→sp IBolt− = p28(p− 1) piG4 (p ≥ 3) , (3.93)
respectively. These differ from the naive values 1p INUT of the Taub-NUT-AdS/Zp solu-
14For p = 2 this free energy was computed in [81].
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tions by a contribution that can be understood as associated to flux trapped at the Zpsingularity [81]. In turn, this trapped flux is related directly to the fact that the Taub-NUT-AdS/Zp limits of the Taub-Bolt-AdS solutions necessarily have an additional flatgauge field A(3)flat turned on, relative to the simple Zp quotient of the p = 1 Taub-NUT-AdSsolution. In similar circumstances (e.g. in singular ALE Calabi-Yau two-folds), a methodfor computing the contribution of this flux is to resolve the space. However, presentlywe cannot resolve the space while preserving supersymmetry (and SU(2)×U(1) isome-try), as such geometries would contain two parameters and their existence is precludedby our general analysis. It is natural to assume that, by continuity, the free energy ofthe orbifold Taub-NUT-AdS/Zp branch onto which the bolt solutions join contains thecontribution of this trapped flux for generic values of s. One way to compute the freeenergies of these solutions is to resolve the NUT orbifold singularity, replacing it with anon-vanishing two-sphere S2ε , while not preserving supersymmetry. Using this method,further discussed in appendix F.2, we find that for a gauge field with n2 units of flux atthe singularity the contribution to the free energy is given by
Ising = n28p · piG4 . (3.94)
The total free energy of the orbifold solutions with ±p2 units of flux is then given by
IorbNUT+flux = 1pINUT + Ising =
(2s2p + p8
) piG4 . (3.95)
In Figure 3.2 we have plotted the holographic free energies for various values of p.The first plot is the free energy of the unique 1/2 BPS filling of the squashed S3, withthe marked point being the AdS4 solution without gauge field. In the second plot p = 2and we see that the free energy of the positive branch bolt solution joins at s = 12to the free energy of the orbifold Taub-NUT-AdS/Z2 solution with 1 unit of flux at thesingularity, as observed in [81]. On the same plot the green curve is the free energyof Taub-NUT-AdS/Z2, without any trapped flux. In the remaining two plots (p = 5 andp = 12 respectively) the negative branch bolt solutions appear. The curve of the freeenergy IBolt− connects the free energy IorbifoldNUT+flux of the orbifold branch with the free energyIBolt+ of the positive branch at the values s = sp and s = 12 , respectively.
3.5 Regular 1/4 BPS solutions
In this section we find all regular supersymmetric solutions satisfying the 1/4 BPS con-dition (3.12). For all solutions the (conformal class of the) boundary three-manifold isagain a biaxially squashed S3/Zp with metric (3.64), but now the boundary gauge field
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Figure 3.2: Plots of the free energies I(s) of the different branches for p = 1, 2, 5, 12,respectively. The first plot is the free energy of the 1/2 BPS Taub-NUT-AdS solution.In the other plots the green curve is the free energy 1p INUT of the Taub-NUT-AdS/Zpsolution, while the dotted line in magenta is the free energy IorbNUT+flux, including thecontribution of ±p2 units of flux at the orbifold singularity. The red curve is the freeenergy IBolt− of the negative branch. The blue curve is the free energy IBolt+ of thepositive branch. The free energies of the special solutions are marked with points.
is given by
A(3) = Pσ3 + A(3)flat = −12(4s2 − 1)σ3 + A(3)flat , (3.96)
where A(3)flat is again a certain flat connection. The latter is particularly important inorder to globally have supersymmetry on the boundary in this case, precisely as for the1/4 BPS Quaternionic-Eguchi-Hanson solutions in section 3.3.3. The boundary Killingspinor equation is (3.35), which we reproduce here for convenience:(∇(3)α − iA(3)α + is2 γα
)χ = 0 . (3.97)
Again as in section 3.4, a solution to the above boundary data with given s is diffeomor-phic to the same solution with s→ −s.As for the case of 1/2 BPS solutions, for fixed conformal boundary data we find morethan one smooth supersymmetric filling, with different topologies. What is exceptionalin the 1/4 BPS class of solutions is that for an S3 boundary the Taub-NUT-AdS solutionis not the unique filling, as one might expect, but rather there is also a filling with an
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M1 = O(−1)→ S2 topology. The full moduli space will be summarized in section 3.5.3.
3.5.1 Self-dual Einstein solutions
The 1/4 BPS Einstein solutions were described in section 3.3. For any choice of conformalboundary data, meaning for all p ∈ N and all choices of squashing parameter s > 0, thereexists the 1/4 BPS Taub-NUT-AdS solution on R4/Zp. This has metric (3.42), (3.43) andψ is taken to have period 4pi/p. This solution then has an isolated Zp orbifold singularityat r = s for p > 1, or, removing the singularity, the topology is R>0 × S3/Zp. In takingthe Zp quotient in this 1/4 BPS case notice that in order to preserve supersymmetrywe must also turn on an additional flat gauge field which is a connection on L −1.Here recall that L is the line bundle on R>0 × S3/Zp with torsion first Chern classc1(L ) = 1 ∈ H2(R>0 × S3/Zp,Z) ∼= Zp. The reason for this is as discussed for theQuaternionic-Eguchi-Hanson solutions in section 3.3.3 – the Killing spinors for the 1/4BPS Taub-NUT-AdS solution are not invariant under L∂ψ , and the additional torsiongauge field is required in order to have supersymmetry on the quotient space.On the other hand, for each p ≥ 3 and specific squashing parameter s = sp = p4√p−1we also have the 1/4 BPS Quaternionic-Eguchi-Hanson solution. Thus for each p ≥3 and s = sp there exist two supersymmetric self-dual Einstein fillings of the sameboundary data: the Taub-NUT-AdS solution on R4/Zp and the Quaternionic-Eguchi-Hanson solution on Mp = O(−p) → S2. Again, the boundary gauge field is importantin comparing the global boundary data for these two solutions, and the discussion isessentially the same as for the 1/2 BPS case in section 3.4.1. In fact the only differencebetween the two cases is the additional contribution of L −1 described in the previousparagraph.
3.5.2 Non-self-dual Bolt solutions
Regularity analysis
We begin by analysing when the general metric in (3.6) is regular, where for the 1/4BPS class the metric function Ω(r) = (r − r1)(r − r2)(r − r3)(r − r4) has roots{ r4r3
} = s±√−1 + 2Q + 4s22 ,{ r2r1
} = −s±√−1− 2Q + 4s22 . (3.98)
Again, without loss of generality we may take the conformal boundary to be at r = +∞.A complete metric will then necessarily close off at the largest root r0 of Ω(r), which
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must satisfy r0 ≥ s. Given (3.98), the largest root is thus either r0 = r+ or r0 = r−, where
r± ≡ ±s+√−1± 2Q + 4s22 . (3.99)
We first note that r0 = r± = s leads only to the Q = ∓12 (4s2 − 1) Taub-NUT-AdSsolutions considered in the previous section. Thus r0 > s and if ψ has period 4pi/p thenthe only possible topology is Mp = O(−p) → S2. Regularity of the metric near to theS2 zero section at r = r0 requires, as in the previous section,∣∣∣∣r20 − s2sΩ′(r0)
∣∣∣∣ = 2p . (3.100)
Imposing (3.100) at r0 = r+ gives
Q =

Q+(s) , s > 0
−Q±−(s) , s < 0
, (3.101)
while for r0 = r− imposing (3.100) gives
Q =

Q±−(s) , s > 0
−Q+(s) , s < 0
. (3.102)
Here we have defined
Q+(s) ≡ p2 − (16s2 − p)
√f+p (s)128s2 ,
Q±−(s) ≡ −p2 ∓ (16s2 + p)
√f−p (s)128s2 , (3.103)and have introduced the polynomials
f±p (s) ≡ (16s2 ± p)2 − 128s2 . (3.104)
Similarly to the 1/2 BPS solutions, notice that a solution with given s > 0 will beequivalent to the corresponding solution with s → −s < 0. This is because r+(s) =r−(−s), which then leads to exactly the same set of roots in (3.98), and thus the samelocal metric. In addition, P(−s) = P(s) and Q±(s) = Q±(−s) and hence the gauge fieldin (3.6) is also invariant. Thus our parametrization of the roots in (3.98) is such that weneed only consider s > 0, which we henceforth assume.
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The putative largest root for (3.101) and (3.102), respectively, is
r+(Q = Q+(s)) = p+
√f+p (s)16s ,
r−(Q = Q±−(s)) = p∓
√f−p (s)16s . (3.105)
The above expressions are real provided f±p (s) are positive semidefinite.Recall that in order to have a smooth metric we require r0 > s. Imposing this forr0 = r+(Q+(s)) and r0 = r−(Q±−(s)) is equivalent to determining the range of s for whichthe functions
ap(s) ≡ (p− 16s2) +√f+p (s) ,b±p (s) ≡ (p− 16s2)∓√f−p (s) , (3.106)
are strictly positive, respectively. In addition, we must verify that (3.105) really is thelargest root. We thus define
cp(s) ≡ r+(Q+(s))− r−(Q+(s)) ,d±p (s) ≡ r−(Q±−(s))− r+(Q±−(s)) , (3.107)
and one finds
cp(s) = p+ 16s2 +
√f+p −√(p− 16s2 −√f+p )2 − 4p216s , (3.108)
d±p (s) = p− 16s2 ∓
√f−p −√(p+ 16s2 ±√f−p )2 − 4p216s . (3.109)
Then (3.105) is indeed the largest root provided also cp(s) or d±p (s), respectively, ispositive or complex.We are thus reduced to determining the subset of {s > 0} for which f±p (s) is realand non-negative, and, respectively as appropriate, ap(s), b±p (s) are strictly positive andcp(s), d±p (s) are either strictly positive or complex. We refer to the two sign choices in r±as positive and negative branch solutions. The behaviour for p = 1 and p = 2 is againqualitatively different from that with p ≥ 3.
p = 1
Positive branch
The polynomial f+1 (s) is positive semidefinite for s ∈ (0, √2−14 ] ∪ [√2+14 ,∞) but a1(s) ispositive only for s ∈ (0, √2−14 ]. In this range (1 − 16s2 −√f+1 )2 − 4 is negative and so
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c1(s) is complex; hence r+(Q+(s)) is indeed the largest root of Ω(r). In conclusion, fors ∈ (0, √2−14 ] and Q = Q+(s) we have a regular 1/4 BPS solution on M1 = O(−1)→ S2.
Negative branches
The polynomial f−1 (s) is positive semidefinite for s ∈ (0, √3−√24 ]∪ [√2+√34 ,∞) but b±1 (s) ispositive only for s ∈ (0, √3−√24 ]. In this range (1 + 16s2 ±√f−1 )2 − 4 is negative and sod±1 (s) is complex; hence r−(Q±−(s)) is indeed the largest root of Ω(r). In conclusion, fors ∈ (0, √3−√24 ] and Q = Q±−(s) we have two regular 1/4 BPS solutions onM1 = O(−1)→S2.
p = 2
Positive branch
For p = 2 the expressions for r+(Q+(s)) and Q+(s) simplify to
r+(Q+(s)) = 14s − s , Q+(s) = 116s2 − 12 + 2s2 . (3.110)
The above values satisfy (3.100) for s ∈ (0, 12√2 ). In this range a2(s) is positive while c2(s)is complex, i.e. r+(Q+(s)) is indeed the largest root of Ω(r). In conclusion, for s ∈ (0, 12√2 )and Q = Q+(s) we have a regular 1/4 BPS solution on M2 = O(−2) → S2. In the limits = 12√2 , the root r+(Q+(s)) = s = 12√2 which corresponds to a Taub-NUT solution.
Negative branches
The polynomial f−2 (s) is positive semidefinite for s ∈ (0, 2−√24 ] ∪ [√2+24 ,∞) but b±2 (s) ispositive only for s ∈ (0, 2−√24 ]. In this range (2 + 16s2 ±√f−2 )2 − 16 is negative and sod±2 (s) is complex. In conclusion, for s ∈ (0, 2−√24 ] and Q = Q±−(s) we have two regular1/4 BPS solutions on M2 = O(−2)→ S2.
p ≥ 3
Positive branch
The polynomial f+p (s) is positive definite for all s > 0 since it has imaginary roots andap(s) is also positive for all s > 0. In this range cp(s) is positive and hence r+(Q+(s))is indeed the largest root of Ω(r). In conclusion, for s > 0 and Q = Q+(s) we have aregular 1/4 BPS solution on Mp = O(−p)→ S2.
Negative branches
The polynomial f−p (s) is positive semidefinite for s ∈ (0, √2+p−√24 ] ∪ [√2+√2+p4 ,∞) butb±p (s) is positive only for s ∈ (0, √2+p−√24 ]. In this range d±2 (s) is positive and hence
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r−(Q±−(s)) is indeed the largest root of Ω(r). In conclusion, for s ∈ (0, √2+p−√24 ] andQ = Q±−(s) we have two regular 1/4 BPS solutions on Mp = O(−p)→ S2.
It is important to remark that these various branches of solutions really are distinctsolutions. In particular, one should verify that the two negative branch solutions are notdiffeomorphic. We have checked this is this case by comparing the value of the squareof the Ricci tensor RµνRµν evaluated on the bolt S2 at r = r0 (this may be defined in acoordinate-independent manner as the fixed point set of U(1)r , generated by ∂ψ). Indeed,one easily computes the general expression
RµνRµν = 36 + 4(P2 −Q2)2(r2 − s2)4 . (3.111)
It is a simple exercise to compute this at r = r0 for the various cases, and check thatthe solutions we claim are distinct give distinct values of this curvature invariant on thebolt.
Gauge field and spinors
Let us now turn to analysing the global properties of the gauge field. After a suitablegauge transformation, the latter can be written locally as
A = sr2 − s2
[−2Qr − 12s (r2 + s2)(4s2 − 1)
] σ3 . (3.112)
In particular, this gauge potential is singular on the S2 at r = r0, but is otherwiseglobally defined on the complement Mp \ S2 of the bolt. The field strength F = dAis easily verified to be a globally defined smooth two-form on Mp, with non-trivial fluxthrough the S2 at r = r0. Indeed, for Q = Q±(s) one computes the period through theS2 at r0(s) = r±(Q±(s)) (respectively) to be∫
S2
F2pi = − 2sr0(s)2 − s2
[−2Q±(s)r0(s)− 12(r0(s)2 + s2)(4s2 − 1)
]
= ±p2 − 1 . (3.113)
Thus the positive/negative branch solutions have a gauge field flux ±p2 − 1 through thebolt, respectively. Both branches then induce the same spinors and global gauge fieldat conformal infinity, for fixed p and s. The factor of −1 in the quantization condition(3.113) is precisely the same as for the 1/4 BPS Quaternionic-Eguchi-Hanson solutions(3.57) in section 3.3.3, and its relation to having globally well-defined spinors on theconformal boundary, invariant under L∂ψ , is precisely the same as the discussion aroundequation (3.60).
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We note that the Dirac spinc spinors are smooth sections of the following bundles: pi∗ [O(p− 2)⊕ O(0)⊕ O(−2)⊕ O(p)] positive branchpi∗ [O(−2)⊕ O(−p)⊕ O(−p− 2)⊕ O(0)] negative branch . (3.114)
When p is even the boundary gauge field A(3) is a connection on L p2−1, while when pis odd it is a connection on L −1. The three-dimensional boundary spinors are corre-spondingly sections of S0 ⊗L −1 and S ⊗L −1, respectively (see appendix E).
Special solutions
For p < 3 the positive branches described in section 3.5.2 terminate at s = √2−√2−p4while for p ≥ 3 the positive branch exists for all s > 0, but there are special solutions ats = 12 and s = sp. The negative branches terminate at √p+2−√24 for all p. In this sectionwe describe these various special and/or limiting solutions.
Positive branches
For p = 1 the positive branch exists for s ∈ (0, √2−14 ]. As usual the s = 0 limit is singular,but the terminating solution with s = √2−14 is a regular solution. At this value of s wehave f+1 (s) = 0, although we have not found an invariant geometric interpretation of thischaracterization of the solution. For p = 2 the positive branch exists for s ∈ (0, 12√2 ), buthere the terminating solution in the limit s→ 12√2 degenerates to the Taub-NUT-AdS/Z2solution, which of course has an orbifold singularity. Thus for p = 2 the positive branchjoins onto the Taub-NUT-AdS/Z2 solutions. Notice that, in contrast to the 1/2 BPS case,here the limiting Taub-NUT-AdS/Z2 solution has zero torsion, since p2 − 1 = 0 whenp = 2.For p ≥ 3 the positive branch exists for all s > 0, but there are some notable specialsolutions on this branch. Firstly, s = 12 leads to a round metric on S3/Zp, and thus thissolution is a “round Lens filling solution”, as dubbed in section 3.4. However, while forthe 1/2 BPS solutions the round Lens filling solutions were terminating solutions thatjoined together the positive and negative branches, here it appears as a special pointon the positive branch. Of course, it is not a surprise to see the self-dual Quaternionic-Eguchi-Hanson solution arise from the special value s = sp = p4√p−1 , and this is anotherspecial solution on the p ≥ 3 1/4 BPS positive branch.
Negative branches
The negative branches terminate at s = √p+2−√24 for all p ≥ 1. At this value of s wehave f−p (s) = 0, and in fact the two negative branches become identical at this point,and thus join together. Again, we have not found a geometrical characterization of the
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condition that f−p (s) = 0. Notice that for p ≥ 10 we have s˜p ≡ (√p+ 2 −√2)/4 > 1/2,and therefore there exist two additional round Lens filling solutions on the negativebranches. These are distinct solutions, as follows by comparing the curvature invariant(3.111) on the bolt S2.
3.5.3 Moduli space of solutions
We have summarized the even more intricate branch structure of the 1/4 BPS solutionsin Figure 3.3. In general the conformal boundary has biaxially squashed S3/Zp metric(3.64), with squashing parameter s > 0, and boundary gauge field given by (3.96). The1/4 BPS fillings of this boundary may then be summarized as follows:
• For p = 1, the boundary S3 with arbitrary squashing parameter s > 0 always hasthe Taub-NUT-AdS solution as filling, but for s ∈ (0, √2−14 ] there is also a smoothpositive branch solution with topology M1 = O(−1)→ S2, while for s ∈ (0, √3−√24 ]there are two negative branch solutions (which are connected to each other) ofthe same topology. The Taub-NUT, positive, and negative branch solutions aredisconnected from each other; this in fact had to be the case, as we shall see inthe next section that they have different constant free energy. Notice that thes = 12 AdS4 metric sits on the Taub-NUT-AdS branch.• For p ≥ 2 and arbitrary squashing parameter s > 0 we always have the (mildlysingular) Taub-NUT-AdS/Zp solution. Thus for all boundary data there alwaysexists a gravity filling, provided one allows for orbifold singularities.
• For p = 2 there is a positive branch filling for s ∈ (0, 12√2 ) with topology M2 =
O(−2) → S2. This joins onto the Taub-NUT-AdS/Z2 branch at s = 12√2 , and weshall indeed see that these have the same free energy. Notice that, since p2 −1 = 0for p = 2, the gauge field is a connection on a trivial line bundle. For s ∈ (0, 2−√24 ]there are again two negative branch solutions. These are connected to each other,but disconnected from the positive branch and Taub-NUT-AdS branch.
• For all p > 2 and s > 0 there exists a positive branch filling with topology
Mp = O(−p) → S2. This includes the Quaternionic-Eguchi-Hanson solution atthe specific value s = sp = p4√p−1 , and the round Lens filling solution at s = 12 .However, this positive branch is disconnected from the Taub-NUT-AdS branch. Fors ∈ (0, √p+2−√24 ] there are again two negative branch solutions, which are con-nected to each other but disconnected from the positive branch and Taub-NUT-AdSbranch. For p ≥ 10 there exist two additional distinct round Lens filling solutionson the negative branches.
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Figure 3.3: The moduli space of 1/4 BPS solutions with biaxially squashed S3/Zp bound-ary, with squashing parameter s. The arrows denote identification of solutions on dif-ferent branches. Notice that these moduli spaces are generally disconnected, as followsfrom the fact that the free energies are different. Note also that the negative branchesextend past the round Lens filling solutions at s = 12 only when p ≥ 10 (which is thecase plotted).
3.5.4 Holographic free energy
In this subsection we compute the holographic free energy of the 1/4 BPS solutionssummarized above. This follows similarly section 3.4.4, thus we will be more brief. Again
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we refer to appendices F.1 and F.2 for further details. We compute
Igravbulk = 18piG4 16pi2p (2sr3 − 6s3r)∣∣∣ρr0 , (3.115)Igravct + Igravbdry = 18piG4 16pi2p [4Qs2 − 2sρ3 + 6s3ρ + O(ρ−1)] , (3.116)
where r0 = r± is the appropriate largest root of Ω(r), where the manifold closes off.Removing the cut-off ρ →∞ the divergent terms cancel. The contribution to the actionfrom the bulk gauge field is as follows. For the NUT case r0 = s and we have
IFNUT = 16pi28piG4Q2 = 2piG4 (1− 4s2)24 , (3.117)while for the Taub-Bolt-AdS cases r0 > s and we have
IFBolt = 18piG4 16pi2p sr0
[−4Q(1− 4s2)(r0 + s)2 + (r20 + s2)(2Q + 1− 4s2)2]2(r20 − s2)2 . (3.118)Combining all the above contributions to the action we obtain the following remarkablysimple expressions INUT = 12 piG4 (p = 1) ,IBolt± = 4∓ p8 piG4 (p ≥ 2) .
(3.119)
Again, IBolt± refers to the free energies of the positive and negative branch solutions,respectively. In particular, the two distinct (non-diffeomorphic) negative branches in facthave the same free energy, that we denote IBolt− .As for the 1/2 BPS solutions, for any p ≥ 2 we can fill the boundary squashedLens space S3/Zp with the 1/4 BPS Taub-NUT-AdS/Zp solution, where Zp acts on thecoordinate ψ. Here we must consider more specifically the orbifold NUT solutions with±p2 − 1 units of flux trapped at the orbifold singularity, as a direct quotient of the Taub-NUT-AdS solution is not supersymmetric. The latter solutions have the same globalboundary data as the Taub-Bolt-AdS solutions, and in particular the trapped flux inducesthe same topological class of the gauge field on the conformal boundary S3/Zp. Usingthe result of appendix F.2 we compute the total action
IorbifoldNUT+flux± = 1pINUT + Ising =
( 12p + (p2 ∓ 1)2 12p
) piG4 , (3.120)
where in this case we obtain two different values depending on the sign of the flux. InFigure 3.4 we plotted the holographic free energies for various values of p. The moststriking feature is that we now have four distinct smooth supergravity solutions filling asquashed S3 boundary (p = 1). The corresponding free energies are shown in the firstplot.
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Figure 3.4: Plots of the free energies I(s) of the different branches for p = 1, 2, 5, 12,respectively. The dotted lines in magenta are the free energies IorbNUT+flux± , including thecontribution of ±p2 − 1 units of flux at the orbifold singularity. The red lines are the freeenergies IBolt− of the negative branches. The blue lines are the free energies IBolt+ of thepositive branches. The special solutions are marked with points.
3.6 M-theory solutions and holography
In this section we discuss how the four-dimensional supergravity solutions uplift to so-lutions of eleven-dimensional supergravity. The full eleven-dimensional solution willtake the form of a fibration over M(4), where the fibres are copies of the internal spaceY7. The choice of the latter determines the field theory dual that is defined on thebiaxially squashed S3/Zp conformal boundary of M(4). Recall that for all solutions thefour-dimensional gauge field A satisfies the quantization condition for a spinc gaugefield, and in particular 2A is always a connection on a line bundle L over M(4). As weshall see, the Taub-NUT-AdS solutions may always be uplifted to global supersymmetricM-theory solutions, for any choice of internal space Y7, and in this case we are able tocompare the free energies computed in sections 3.4 and 3.5 to corresponding large Nfield theory results, and find agreement in section 3.6.2. An important point here is thatthe Taub-NUT-AdS solutions have topologyM(4) ∼= R4, so that the line bundle L is neces-sarily topologically trivial, i.e. the four-dimensional graviphoton A is globally a one-formonM(4). However, as soon as c1(L) ∈ H2(M(4),Z) is non-zero this puts constraints on thepossible choices of Y7 – this is the case for almost15 all of the Taub-Bolt-AdS solutions,
15The exception is the 1/4 BPS positive branch solution with p = 2, which is the only case where A isglobally a one-form on M(4). This then also uplifts for any choice of internal space Y7. However, notice that
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and even the Taub-NUT-AdS/Zp solutions if they have non-trivial flat connections turnedon.16This may be rephrased as follows. Given any supersymmetric field theory with anAdS4 × Y7 gravity dual, this field theory may also be put on the biaxially squashed S3,preserving 1/2 or 1/4 supersymmetry. Any such field theory then has a Taub-NUT-AdSfilling as a gravity dual, of the form M(4) × Y7 where M(4) is the Taub-NUT-AdS solutionwith appropriate 1/2 BPS or 1/4 BPS instanton, respectively. However, only a certainclass of field theories, meaning only certain choices of Y7, has in addition the 1/4 BPSTaub-Bolt-AdS filling of section 3.5. Similar comments apply to the case of the biaxiallysquashed Lens spaces S3/Zp. We shall describe some choices of corresponding Y7 insection 3.6.4, and comment on the dual field theories.
3.6.1 Lifting NUTs
As shown in [70], any supersymmetric solution to d = 4, N = 2 gauged supergravitytheory uplifts locally to a supersymmetric solution of d = 11 supergravity. More pre-cisely, given any Sasaki-Einstein seven-manifold Y7 with contact one-form η, transverseKähler-Einstein metric ds2T and with the seven-dimensional metric normalized so thatRij = 6gij , we have the uplifting ansatz17
ds211 = R2(14ds24 +
(η + 12A
)2 + ds2T) ,
G = R3(38vol4 − 14 ∗4 F ∧ dη
) . (3.121)
Here ds24 is the four-dimensional gauged supergravity metric on M(4), with volume formvol4, and the radius R is
R6 = (2pi`p)6N6Vol(Y7) , (3.122)
where N is the number of units of flux
N = 1(2pi`p)6
∫
Y7 ∗11G . (3.123)the free energy (3.119) of this solution is equal to the free energy of AdS4/Z2, which has the same globalboundary conditions.16As we shall see, in general the uplifting to eleven-dimensions involves not L, but rather Lλ/2 for somerational λ ∈ Q. Since c1(L |S3/Zp ) ∈ Zp ∼= H2(S3/Zp,Z) is always torsion when restricted to the boundaryS3/Zp, this will be crucial when we come to ask which solutions have the same global boundary conditions.17A caveat here is that the uplifting formulae above were shown in [70] in Lorentzian signature. Passingto Euclidean signature does not affect this at the level of equations of motion. Global aspects of theeleven-dimensional Killing spinors are discussed in appendix E.3.
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The four-dimensional Newton constant is then given by
116piG4 = N3/2
√ pi232 · 27Vol(Y7) . (3.124)
In fact it was more generally conjectured in [70] that given any N = 2 warped AdS4×Y7solution of eleven-dimensional supergravity there is a consistent Kaluza-Klein truncationon Y7 to d = 4, N = 2 gauged supergravity theory. Properties of such general solutionswere investigated in chapter 2, and we expect the contact structure to play an importantrole in this truncation. In particular, we saw that (3.124) remains true in this moregeneral setting, provided one replaces the Riemannian volume Vol(Y7) by the contactvolume.As a specific example we may consider simply Y7 = S7/Zk , with the Zk action alongthe Hopf fibre of S7. In this case ds2T is the usual Fubini-Study metric on CP3, andη = dξ+ACP3 , where ξ has period 2pi/k and dACP3 is the Kähler form on CP3, normalizedto have period 2pi through the linearly embedded CP1. In that case Vol(S7/Zk ) = pi4/3k .Different choices of Y7 correspond to differerent choices of Chern-Simons-matter theoryon the squashed S3, and there are by now many examples of dual pairs, including infinitefamilies.The Taub-NUT-AdS solutions have topology M(4) ∼= R4, and then necessarily A isglobally a one-form on R4. It follows immediately from the uplifting formula (3.121) thatwe obtain a globally supersymmetric eleven-dimensional solution, again of the producttopology M(4) × Y7, for any choice of AdS4 × Y7 solution. Specifically, because A is aglobal one-form on M(4), the twisting η + 12A is topologically trivial. Notice also thatthere is no flux quantization condition on G, since dη is exact. Thus any supersymmetricfield theory on S3 with an AdS4×Y7 dual also has, when the theory is put on the biaxiallysquashed S3, a supersymmetric (Taub-NUT-AdS)×Y7 dual, in both the 1/2 BPS and 1/4BPS cases.18 We may then compare the gravitational holographic free energies of thesesolutions to corresponding exact large N field theory computations, which we will do inthe next section.
3.6.2 Comparison to field theory duals
The gravitational holographic free energies of the 1/2 BPS and 1/4 BPS Taub-NUT-AdSsolutions were computed in sections 3.4.4 and 3.5.4, respectively. The result is
INUT =

pi2G4 1/4 BPS(2s)2pi2G4 1/2 BPS
. (3.125)
18An interesting subtlety here is that when the squashing parameter s satisfies 0 < s < 1/2 the gaugefield is in fact complex. One then formally obtains a complex eleven-dimensional metric via (3.121). This isthe only case in which we obtain a non-real gauge field.
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In fact the 1/2 BPS case was precisely studied in [81]. In this case the biaxiallysquashed S3 with metric (3.26), boundary gauge field (3.27) and three-dimensional Killingspinor equation (3.25) was studied in [39]. In the latter reference the authors showedthat, for a large class of N = 2 Chern-Simons-quiver gauge theories, the leading large Nfree energy is precisely (2s)2 times the result for the round sphere (see equation (148) in[39]). This is precisely what we obtain from the 1/2 BPS Taub-NUT-AdS gravity solution(3.126), which has the same conformal boundary data!In the 1/4 BPS case the boundary three-metric (3.26) is the same as in the 1/2 BPScase, but the boundary gauge field (3.36) and three-dimensional Killing spinor equation(3.35) are different. General N = 2 Chern-Simons-matter theories were studied on thisbiaxially squashed S3 in [38], and it was found that the partition function is independentof the squashing parameter. This is an exact statement, valid for all N . This thenprecisely agrees with our large N gravity result in (3.126), where we find that thegravitational free energy is equal to the result for the round sphere with s = 12 . Thusthe 1/4 BPS Taub-NUT-AdS solution reproduces the correct large N free energy.19 Ofcourse, this can only be regarded as a partial result at this stage, because in the 1/4BPS case there is also the Taub-Bolt-AdS filling, with topology M1 = O(−1)→ S2. Weturn to these solutions next.
3.6.3 Lifting bolts
The Taub-Bolt-AdS solutions certainly uplift locally to eleven-dimensional supersym-metric supergravity solutions via (3.121). However, globally this uplifting ansatz is in-consistent unless one restricts the internal space Y7 appropriately. In this section weexplain this important global subtlety. This implies that only a restricted class of fieldtheories have Taub-Bolt-AdS fillings, in addition to the universal Taub-NUT-AdS fillingsdescribed in the previous section.The discussion that follows is entirely topological, and we may in fact treat all of the1/2 BPS and 1/4 BPS cases simultaneously. Specifically, all that we shall need to knowis that the topology of the Taub-Bolt-AdS solutions is M(4) = Mp ≡ O(−p) → S2, with
19Notice that it is non-trivial that the final result is independent of the squashing parameter – each termin the action depends on s, with the s-dependence only canceling when all terms are summed.
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the gauge field flux quantized as ∫
S2
F2pi = n2 . (3.127)




F2pi = m ∈ Z (3.128)
is an integer. Geometrically, this integer m is (minus) the first Chern class of the circlebundle, with coordinate ξ , integrated over the bolt S2. Recalling that 2A is a connectionon what we called L→M(4), we thus see that the eleven-dimensional circle ξ is twistedby the line bundle22 Lk/I = O(m) in general, rather than by L. When k = I these are the
20In this case the discussion of Killing spinors is somewhat modified compared with that for a genericSasaki-Einstein manifold: S7/Zk preserves N = 6 supersymmetry for k > 2. The six Killing spinors hereare invariant under the Zk action for all k ∈ Z.21For completeness we note that examples exist for all values of I ∈ {1, 2, 3, 4}: Y7 = V 5,2 = SO(5)/SO(3)has I = I(Gr(5, 2)) = 3; Y7 = Q1,1,1, has I = I(CP1 × CP1 × CP1) = 2; Y7 = M3,2 has I = I(CP1 × CP2) = 1.22Notice that this means the rational number λ we alluded to in footnotes 7 and 16 takes the value
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same, which is precisely the case when the internal Sasaki-Einstein manifold Y7 is theU(1) principal bundle associated to the anti-canonical bundle over B6. Given (3.127), thequantization condition (3.128) is equivalent to
nk = mI . (3.129)
This necessary condition is then also sufficient for the eleven-dimensional metric (3.121)to be globally well-defined. Specifically, the eleven-dimensional spacetime is by con-struction the total space of the circle bundle over Mp × B6 with first Chern classc1 = −mΦ − kI c1(B6), where Φ is the generator of H2(Mp,Z) ∼= Z. In the G-flux in(3.121) notice that now dη is no longer an exact form on the eleven-dimensional space-time. In fact its cohomology class is equal to the cohomology class of −12F . But then∗4F ∧ F is proportional to the volume form on Mp, which is exact on Mp and thus alsois exact on the eleven-dimensional spacetime. It follows that there is no quantizationcondition on G. In appendix E.3 we show that if the eleven-dimensional metric is regu-lar then the eleven-dimensional geometry is always a spin manifold (for all p), and theeleven-dimensional Killing spinors are smooth and globally defined.Taking k = I , which leads to the canonical period of 2pi/4 for ξ , we see that thecondition (3.129) is always satisfied. Thus all Taub-Bolt-AdS solutions can be upliftedfor all regular Sasaki-Einstein Y7 with the canonical period of 2pi/4 for ξ . This is truefor any p. Examples are then Y7 = S7/Z4, Y7 = V 5,2/Z3, Y7 = Q2,2,2 = Q1,1,1/Z2, andY7 = M3,2. In this case the Reeb U(1) principal bundle, with fibre coordinate ξ , is twistedover the base spacetime M(4) by the line bundle L.However, more generally (3.129) leads to restrictions. Consider the case of Y7 = S7,which has I = 4 and k = 1. It follows from (3.129) that n is necessarily divisible by 4.But recall that n ≡ p mod 2, so we see immediately that none of the Taub-Bolt-AdSsolutions with p odd can be uplifted on the round seven-sphere! In particular, the 1/4BPS Taub-Bolt-AdS solution that fills the squashed S3 cannot be lifted on S7 (nor canit be lifted on S7/Z2, although from the previous paragraph it can be lifted on S7/Z4).Concretely, this means that the 1/4 BPS Taub-Bolt-AdS filling of the squashed S3 doesnot exist for the ABJM theory. We shall discuss this further in section 3.6.4 below. Othercases may be analysed similarly. For example, again taking Y7 = S7, which has I = 4and k = 1, the 1/2 BPS solutions have n = ±p, which leads to the restriction p = ±4m,so that the 1/2 BPS Taub-Bolt-AdS solutions uplift on S7 only if p is divisible by 4.Above we have focused on regular Sasaki-Einstein manifolds Y7, but it is straightfor-ward to extend this analysis. Irregular Sasaki-Einstein manifolds have ∂ξ with generi-cally non-closed orbits. This means that the coordinate ξ is not periodically identifiedover a dense open subset of Y7. On the other hand, the expression η + 12A defines aglobal one-form only if ξ is periodically identified in η = dξ + σ . Thus one can never23
λ = 2k/I .23However, see footnote 15.
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lift any of these bolt solutions on irregular Sasaki-Einstein manifolds.Finally, we conclude this section by commenting on an equivalent way of seeing therestriction on Y7, that perhaps more directly makes contact with the field theory dualdescription. For simplicity, we again take Y7 to be a regular Sasaki-Einstein manifoldwith Kähler-Einstein base B6, Fano index I = I(B6) and ξ to have period 2piI/4k . Itfollows that Y7 is the unit circle bundle in L = Kk/I , where K denotes the canonicalline bundle of B6. In this notation, scalar BPS operators arise in the dual field theoryfrom holomorphic functions on the metric cone over Y7. These correspond to holomorphicsections of L−t , with t ∈ N a positive integer. The R-charge of the holomorphic function isthen proportional to t, namely R = λt = 2kI t. However, because of the twisting in (3.121),these holomorphic functions become tensored with sections of a line bundle over the S2bolt. Specifically, in its dependence on Mp×B6 a holomorphic function of R-charge 2kI tbecomes a section of L−t ⊗ O(tm) ∼= L−t ⊗ Ltk/I , where the integer m satisfies (3.129).In the irregular case the holomorphic functions generically have irrational R-charges,which then do not lead to well-defined sections over the S2 bolt.
3.6.4 Comments on field theory duals
We have seen that the 1/4 BPS Taub-Bolt-AdS filling of the biaxially squashed S3uplifts on any regular Sasaki-Einstein manifold with period 2pi/4 for ξ . Examples areY7 = S7/Z4, V 5,2/Z3, Q2,2,2 and M3,2. Proposals for the corresponding field theory dualshave been discussed in [18, 83, 84, 85, 86, 87, 88, 89]. However, the solution does notlift on the simply-connected covering spaces in the first three examples. We begin thissection by examining this p = 1 case, noting that all other Taub-Bolt-AdS solutions fillthe biaxially squashed Lens spaces S3/Zp with p > 1, and so far in the literature no onehas studied N = 2 supersymmetric gauge theories in this setting: the 1/2 BPS and 1/4BPS biaxially squashed spheres were studied in [38], [39], and round Lens spaces S3/Zpwithout torsion gauge fields were studied in [82].
S3 boundary
We first note that, thus far in the literature, the large N limit of the partition functionof the field theory models dual to Q2,2,2 or M3,2 has only been computed using an adhoc prescription [90]. The issue is that the proposed field theory duals for these Sasaki-Einstein manifolds are chiral, meaning that the matter representation is not real, andthis leads to a more complicated matrix model behaviour. In particular, it is possible thatsaddle points exist within these models corresponding to the Taub-Bolt-AdS solutions.The S7/Z4 case is also intriguing. Naively one might identify the field theory dual inthis case with the ABJM model with k = 4; afterall, the ABJM theory is a U(N)k×U(N)−kChern-Simons-matter theory that is dual to the case Y7 = S7/Zk . However, the problemis quite subtle. The central issue is that the Zk ⊂ U(1) quotient in the ABJM theory
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generally leaves N = 6 supersymmetry unbroken, but the U(1) R-symmetry that isbeing gauged when the theory is put on the squashed sphere corresponds to an N = 2subalgebra of this N = 6. For the Taub-NUT-AdS solutions we may take Y7 = S7/Zkand identify the ξ circle in the uplifting ansatz (3.121) with a U(1)R ⊂ SO(6). Herethe Zk quotient is not contained in this SO(6), where the latter rotates the N = 6supercharges in the vector representation. We are then gauging the manifest U(1)Rsymmetry of the ABJM when viewed in N = 2 language. However, this does not work forthe Taub-Bolt-AdS solutions on M1 = O(−1) → S2, because we are forced to take ξ tohave period 2pi/4, i.e. the Taub-Bolt-AdS solutions are then defined with internal spaceY7 = S7/Zk × Z4. A dual field theory for the latter is then unknown (it is not simply anorbifold of the ABJM theory).Of course, one might instead directly identify the Zk quotient in the ABJM theorywith with ξ direction in the uplift (3.121). This then forces k = 4 for the Taub-Bolt-AdSsolutions, and we are gauging a U(1)R symmetry that is not contained in the manifest
N = 6 supersymmetry of the ABJM theory with k = 4. This statement might puzzlesome readers, since in the literature it is claimed that the ABJM theory has N = 6supersymmetry for all k > 2, while only k = 1 and k = 2 have enhanced N = 8supersymmetry. In fact this is incorrect, but subtly so. In fact there are 8 Killing spinorson S7/Zk for k = 1, 2 and k = 4, but for k = 4 the 2 additional Killing spinors aresections of a different spin bundle to the N = 6 Killing spinors that exist on S7/Zk forall k . Recall that spin bundles on a manifold M are in general classified by H1(M,Z2),and in the case at hand notice that H1(S7/Z4,Z2) ∼= Z2. The N = 6 spinors are sectionsof one of these two spin bundles, while the N = 2 Killing spinors that exist when S7/Z4is viewed as a regular Sasaki-Einstein manifold over CP3 are sections of the other spinbundle.24 Thus although there are 8 Killing spinors, there is not an SO(8) R-symmetrythat rotates them. In the field theory we are then gauging this non-manifest N = 2 U(1)Rsymmetry that exists only when k = 4, which seems rather hard to study in practice.The conclusion of this is that the internal spaces Y7 for which the 1/4 BPS Taub-Bolt-AdS filling of S3 exists do not currently have known field theory duals for whichthe large N partition function computation is under good control: either the field theorymodels are chiral, and the large N limit of the partition function is correspondingly notwell-understood, or no field theory model is currently known, or the field theory is knownand non-chiral, but we are gauging a classically non-manifest R-symmetry of that fieldtheory.
S3/Zp boundaryLet us now turn to the Lens space solutions for p > 1. Since in general there are anumber of distinct cases to consider, we shall confine ourselves to commenting on whatwe believe are the more interesting cases/features.
24The corresponding situation for S3/Zp is discussed at length in appendix E.
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Let us first discuss the solutions relevant for the ABJM model: in this case Y7 = S7and correspondingly we have I = 4, k = 1, and hence λ = 12 . The latter is indeedthe value of the R-charge of a chiral field in the ABJM field theory (these fields areusually called A1, A2, B1, B2), and the R-charges of gauge-invariant scalar chiral primaryoperators are t/2, where geometrically t is the positive integer of section 3.6.3 (theseoperators are constructed using monopole operators of zero R-charge). Let us focus onthe 1/2 BPS class of M-theory solutions. In this case, the Taub-Bolt-AdS solutions haveglobally distinct boundary conditions, as M-theory solutions, from the correspondingTaub-NUT-AdS/Zp solution. To see this, note that from (3.129), and using n = ±p, wesee that a 1/2 BPS Taub-Bolt-AdS solution uplifts on S7 only if p = 4q is divisible by 4.In this case, S7 is fibred over the base Mp by twisting the Hopf S1 bundle by the linebundle O(m) = O(±q). Alternatively, and equivalently, we may describe the total M-theory spacetime as the total space of the U(1) principal bundle overMp×CP3 with firstChern class c1 = ∓qΦ− H , where recall that Φ generates H2(Mp,Z) ∼= Z and H is thehyperplane class generating H2(CP3,Z) ∼= Z. However, since ±q 6≡ 0 mod p = 4q, thisU(1) principal bundle is also non-trivially fibred over the boundary Lens space S3/Zp.On the other hand, the Taub-NUT-AdS/Zp solution is always trivially fibred.To see what this means in terms of the dual boundary field theory, recall from thediscussion at the end of section 3.6.3 that the functions on S7 also become non-triviallyfibred over Mp via the twisting, and in particular the Kaluza-Klein modes that are dualto the four chiral fields of the ABJM (or rather their gauge-invariants constructed usingmonopole operators), become sections of O(±q). This implies that for the Taub-Bolt-AdSsolutions these basic matter fields are twisted via their R-charge, becoming sections of
L q rather than functions. We have attempted to study precisely this twisting in the 1/2BPS case with s = 12 , since this is then (conjecturally) simply a twisted version of matrixmodel studied in [82]. It is straightforward to see that this twisting does indeed preservesupersymmetry, and that localization goes through similarly to the untwisted case. Ourresults so far are somewhat inconclusive: the behaviour of the matrix model is now muchmore involved, although interestingly we find that the Wilson loop VEV, discussed inappendix G, is indeed exactly zero, thus agreeing with the gravity prediction. We alsofind N3/2 scaling of the free energy at large N , but with a coefficient that doesn’t seemto match the gravity prediction of section 3.4.4. However, a key issue that affects boththis example, and indeed all of the Taub-Bolt-AdS examples, is whether the (potential)twisting of the matter fields by their R-charge is the only effect on the Lagrangian ofthe untwisted theory, or whether the correct dual field theory is a more complicateddeformation. For now we leave this issue open.Having discussed an example where I 6= k , let us conclude this section with the classof Taub-Bolt-AdS solutions where the Sasaki-Einstein manifold has k = I , which thenall uplift to M-theory. In this case notice that the circle bundle ξ is twisted over thebase M(4) by the line bundle L. For the 1/2 BPS solutions this has first Chern class ±p
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through the bolt, implying that L restricted to the boundary S3/Zp is always trivial inthis 1/2 BPS class. This implies that all the 1/2 BPS solutions filling a fixed squashedS3/Zp in fact have the same global boundary data. In turn, in the dual field theorywe then don’t have the twisting by the flat R-symmetry Wilson line, discussed in theprevious paragraph for the ABJM case. If the field theory Lagrangians are exactly thesame in all cases, one should then compare the free energies of all the solutions plottedin Figure 3.2. However, to our knowledge all field theories within this class are chiralmodels, for which the matrix model is not under good control.
4 | Conclusions
In this thesis we have explored supersymmetric backgrounds of M-theory in the contextof the AdS4/CFT3 correspondence.We have determined the necessary and sufficient conditions on supersymmetric so-lutions of d = 11 supergravity that are dual to N = 2 three-dimensional superconformalfield theories. The eleven-dimensional metric is taken to be a warped product of AdS4with a seven-dimensional Riemannian metric, and we have allowed for the most generalfour-form G consistent with SO(3, 2) symmetry. We showed that generically the super-symmetry conditions may be formulated in terms of a canonical local SU(2)-structure onthe seven-dimensional manifold Y7. The well-known Freund-Rubin AdS4 × Y7 solutionswhere Y7 is Sasaki-Einstein arise as a special case, characterized by an SU(3)-structure.For solutions with non-zero M2-brane charge, we showed that many geometrical andphysical properties of Y7 are captured by a contact structure. We also recovered theclass of general solutions with vanishing M2-brane charge, previously discussed in [42].By imposing a single additional requirement, that a certain vector bilinear is a Killingvector, we reduced the conditions to solving a second order non-linear ODE. The seven-dimensional metric on Y7 is then fully specified by the choice of a (local) four-dimensionalKähler-Einstein metric, and any solution to this ODE. We managed to find an analyticsolution of the ODE, and showed that this reproduces a class of solutions found originallyin [27]. In addition, using a combination of analytic and numerical methods, we havediscovered a further solution to our ODE, yielding a class of new supersymmetric AdS4solutions with non-trivial four-form flux. These can be interpreted as holographicallydual to certain cubic superpotential deformations of N = 2 Chern-Simons gauge theories.When the Kähler-Einstein metric is chosen to be that on CP2, the seven-dimensionalmetric is a smooth (non-Einstein) metric on S7, different from that of [27].Our work may be regarded as providing the foundation for studying more generalaspects of N = 2 three-dimensional superconformal field theories with M-theory duals.For example, we expect that the geometric characterization of solutions we presentedmay be used to attack general problems, such as the gravity dual of F-maximization,similarly to the developments in [45, 52]. It is also clear that using our results it will bepossible to construct a consistent Kaluza-Klein truncation to four dimensions, extendingthat in [70]. Of course, it would also be very interesting to use our general equations asa method for finding new solutions (perhaps numerically), outside the classes that have
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been discovered so far.We have presented all supersymmetric asymptotically locally AdS4 solutions of Eu-clidean Einstein-Maxwell theory, possessing SU(2) × U(1) symmetry. We have shownthat in general these solutions have one modulus, which is the squashing parameter s ofthe Lens space metric at conformal infinity. However, we have also uncovered an intricatemoduli space of solutions, comprising different branches, joining at special values of theparameter. Perhaps surprisingly, we found that typically for fixed conformal boundarydata there exist multiple solutions, with different topologies. We studied global aspectsof these solutions, finding a subtle interplay between bulk and boundary spin structures,We showed that the Taub-Bolt-AdS solutions, despite being perfectly smooth andglobally well-defined in four dimensions, can be uplifted to eleven-dimensional super-gravity only for particular internal Sasaki-Einstein manifolds. Moreover, we showedthat in these solutions the gauge field in the bulk induces non-zero gauge field on theboundary, whose global properties are intimately related to the specific Sasaki-Einsteinmanifold in the eleven-dimensional solution. Therefore, generically, the supersymmetricTaub-NUT-AdS solutions (and their orbifolds) are the only supersymmetric solutions fill-ing a biaxially squashed Lens space. In particular, there exist only two distinct choicesof instantonic gauge field such that the solutions preserve 1/2 or 1/4 supersymmetry,respectively. We have argued that these correspond to the two different constructionsof supersymmetric field theories on a biaxially squashed three-sphere discussed in [38]and [39], respectively.Nevertheless, there exist many examples where the Taub-Bolt-AdS solutions existas global, smooth supersymmetric solutions of eleven-dimensional supergravity. In par-ticular, we have shown that there exist (infinitely many) examples where fixed boundarydata can be filled, supersymmetrically, with bulk solutions with different topologies, andwith different holographic free energies. In order to address the problem of holographicdual field theories systematically, an important problem that remains open is the possi-ble existence of further M-theory solutions, with the same boundary data as those wehave found, but with smaller gravitational free energies. At present we can’t excludethat such solutions exist outside the ansatz that leads to minimal gauged supergravity.
A | Identities
In this appendix we collect a number of useful identities that have been used repeatedlyto derive the results presented in chapter 2.From the algebraic equation in (2.8) one can derive the following useful identities(χ¯ci Cχcj + χ¯iCχj)− im3 e−3∆χ¯ci Cχj + 12 χ¯ci [C, ∂∆]−χj + 1288e−3∆χ¯ci [C, F ]+χj = 0 (A.1)(χ¯ci Cχcj − χ¯iCχj)+ 12 χ¯ci [C, ∂∆]+χj + 1288e−3∆χ¯ci [C, F ]−χj = 0 (A.2)
where C ∈ Cliff(7) is an arbitrary element of the Clifford algebra and [ , ]± denotes the(anti)-commutator. Similarly we note(χ¯ci Cχj − χ¯iCχcj )+ im3 e−3∆χ¯iCχj − 12 χ¯i[C, ∂∆]−χj − 1288e−3∆χ¯i[C, F ]−χj = 0 (A.3)(χ¯ci Cχj + χ¯iCχcj )+ 12 χ¯i[C, ∂∆]+χj + 1288e−3∆χ¯i[C, F ]+χj = 0 . (A.4)
Similar identities exist in the alternative basis (2.12).From the Fierz identity for the Cliff(7, 0) algebra
χ¯1χ2 χ¯3χ4 = 18 [χ¯1χ4 χ¯3χ2 + χ¯1γmχ4 χ¯3γmχ2− 12! χ¯1γmnχ4 χ¯3γmnχ2 − 13! χ¯1γmnpχ4 χ¯3γmnpχ2] , (A.5)
where χa, a = 1, 2, 3, 4, are arbitrary Spin(7) spinors, we derive the identity
χ¯c1γmχ2 χ¯c2γmχ4 = χ¯c1χ4 χ¯c2χ2 − χ¯c1χ2 χ¯c2χ4 . (A.6)
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B | Spinor bilinears
Recall that the SU(2)-structure is specified by two spinors χ1, χ2, or equivalently thelinear combinations χ± ≡ 1√2 (χ1 ± iχ2) defined in (2.12). Here we choose to use χ± asour basis. We then have the following bilinears:




χ¯−γ(1)χ+ iSξ e7 + S√1−ξ2|S| (e5 − im6 e−3∆ 1ξe6)
χ¯−γ(1)χ− = −χ¯+γ(1)χ+ m6 e−3∆ 1ξe7 + |S|√1−ξ2ξ e6
12i (χ¯+γ(2)χ+ + χ¯−γ(2)χ−) √1− ξ2J2
12i (χ¯+γ(2)χ+ − χ¯−γ(2)χ−) m6 e−3∆J3 + 1ξe5 ∧ (|S|√1− ξ2e7 − m6 e−3∆e6)
χ¯c+γ(2)χ− −J3 + ξe56 − i√1− ξ2J1
Table B.1: Spinor bilinears
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C | Solving the Einstein-Maxwell equations
In this section we find the general solution to Einstein-Maxwell equations (3.2) withSU(2)× U(1) symmetry. The ansatz for the metric and gauge field takes the form
ds24 = α2(r)dr2 + β2(r)(σ21 + σ22 ) + γ2(r)σ23 ,A = h(r)σ3 , (C.1)
where σ1, σ2, σ3 are left-invariant one-forms for SU(2), given explicitly by (3.5). In thefollowing analysis we will use the local orthonormal frame
eˆ1 = β(r)dθ , eˆ2 = β(r) sinθdφ ,eˆ3 = γ(r)(dψ + cosθdφ) , eˆ4 = α(r)dr , (C.2)
and introduce frame indices a, b, c = 1, 2, 3, 4. The Einstein equations read (with ` = 1)
Rab = −3δab + 2Tab , (C.3)
where Tab = FacFbc − 14F 2 δab is the stress-energy tensor of the gauge field. For theansatz (C.1) we compute
R44 = − γ′′α2γ + α ′γ′α3γ − 2β′′α2β + 2α ′β′α3β ,
R33 = − γ′′α2γ + α ′γ′α3γ − 2β′γ′α2βγ + γ22β4 ,
R11 = R22 = − β′′α2β + α ′β′α3β − β′γ′α2βγ − β′2α2β2 + 1β2 − γ22β4 ,
T11 = T22 = −T33 = −T44 = 12 h2β4 − 12 h′2α2γ2 , (C.4)
where a prime denotes derivative with respect to r. Furthermore, the equation of motionof the gauge field d ∗ F = 0 becomes
−( β2αγh′
)′ + αγβ2 h = 0 . (C.5)
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By considering the difference R44 − R33 we obtain the equation
− 2β′′α2β + 2β′α2β
(α ′α + γ′γ
)− γ22β4 = 0 , (C.6)
and by an appropriate reparametrization of r we can take
αγ = 2s , β2 = r2 − s2 . (C.7)
The equation of motion for the gauge field then becomes an ordinary differential equationfor h(r):
−((r2 − s2)h′)′ + 4s2r2 − s2h = 0 . (C.8)The general solution to (C.8) is easily found to be
h(r) = P r2 + s2r2 − s2 −Q 2rsr2 − s2 , (C.9)where P and Q are integration constants. Substituting this back into the 33-componentof the Einstein equation gives a second order ODE for the metric function γ(r). Thegeneral solution to this is
γ2(r) = 4s2r2 − s2
[P2 −Q2 − 2Mr + r2(r2 − 3s2) + C (1 + r2s2
)] , (C.10)
where C and M are two new integration constants. Substituting this into the 11-component of the Einstein equations then constrains
C = s2(1− 3s2) . (C.11)
This is precisely an analytic continuation the Reissner-Nordström-Taub-NUT-AdS (RN-TN-AdS) solution. Hence we have proven that this is the most general solution to theEinstein-Maxwell equations with SU(2)× U(1) symmetry.
D | Integrability conditions of Killing spinor equa-tions
D.1 BPS equations
In this appendix we compute the general integrability conditions for supersymmetry forthe Euclidean RN-TN-AdS solutions derived in appendix C. An analysis for Lorentziansolutions was performed in [76].The Euclidean RN-TN-AdS solutions are given by (3.6), (3.7). In this section we usethe orthonormal frame ea in (3.14), which we note is different to the orthonormal frameeˆa used in appendix C, and take the basis of gamma matrices (3.16). The integrabilitycondition for the Killing spinor equation (3.3) reads1
Iab ε = 0 , (D.1)
where
Iab ≡ 14R cdab Γcd + 12Γab − iFabI4 + i2∇[aF| cdΓcd|Γb] + i4Γ[aF| cdΓcd|Γa]− 116 [FcdΓcdΓa, FcdΓcdΓb]+ i4FcdΓcdΓab , (D.2)
is a two-form with values in the Clifford algebra.A necessary condition to have a non-trivial solution to (D.1) is that
detCliff Iab = 0 , (D.3)
holds for all a, b. We compute
detCliff Iab = −B+B− +D(B+ − B−)r +D2r2(r2 − s2)6 Wab , (D.4)
where
D ≡ 2 [MP − sQ(1− 4s2)] ,B± ≡ (M ± sQ)2 − s2(1± P − 4s2)2 − (1± 2P − 5s2)(P2 −Q2) , (D.5)
1We use frame indices a, b, c, . . . .
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0 1 116 1161 0 116 116116 116 0 1116 116 1 0
 . (D.6)
We thus conclude that a necessary condition to have a supersymmetric solution isthat the numerator in (D.4) is zero, which is equivalent to
D = 0 , B+B− = 0 . (D.7)
These can also be obtained from an analytic continuation of the integrability conditionsin [76], but here we have derived the equations from first principles. We study the generalsolutions to (D.7) in section 3.2.2.
D.2 Class III and supersymmetry
In this appendix we show that the condition P = ±Q characterizing Class III is notsufficient for supersymmetry, but rather the existence of a Killing spinor requires inaddition
P = −12(4s2 − 1) , orP = −s√4s2 − 1 . (D.8)
In order to prove this we look at the boundary Killing spinor equation, which can bederived from (3.3) upon expanding in powers of 1/r. At lowest order we find
(∇(3)α − iA(3)α )χ − is2 γαχ + iVβγαγβχ = 0 . (D.9)
Here ∇(3) denotes the spin connection for the three-metric
ds23 = σ21 + σ22 + 4s2σ23 , (D.10)
with γα , α = 1, 2, 3 generating the corresponding Cliff(3, 0) algebra, and χ is a two-component spinor. Furthermore
A(3) = limr→∞A = Pσ3 ,V = s2(4s2 − 1)Q σ3 . (D.11)
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The integrability condition for (D.9) reads
I
(3)αβχ = 0 , (D.12)
where
I
(3)αβ ≡ 14R (3)αβα1α2γα1α2 − iF (3)αβ − s22 γαβ − 2i∇[α|Vα1γ|β]γα1− 2sγ[αVβ] + 2V α1Vα1γαβ − 4Vα1γ[αVβ]γα1 . (D.13)
A necessary condition to have a non-trivial solution to (D.12) is that
detCliff I(3)αβ = 0 . (D.14)
Taking into account P = ±Q we find that this is equivalent to
[(1− 4s2)2 − 4Q2][Q2 + s2(1− 4s2)]24Q4 = 0 , (D.15)
and hence (D.8) must hold.
E | Spinc structures on bolt solutions
In this appendix we discuss in detail the spinc structures, in the bulk and on the conformalboundary, for the bolt-type solutions. This is a little subtle, because for p odd the boltsolutions are not spin manifolds (but nevertheless are supersymmetric and admit Killingspinors). Correlated with this, the four-dimensional graviphoton in the bulk is in generala spinc connection, meaning that when p is odd it is not a gauge field in the usual sense.We begin in section E.1 with a general topological discussion, and then in section E.2give some more explicit details in the cases of interest. Section E.3 contains a briefdiscussion of lifting these spinors to eleven dimensions.
E.1 Topological discussion
In general, recall that on an orientable four-manifold M(4) the spin bundle S = S+ ⊕
S− exists if and only if the second Stiefel-Whitney class is zero, so w2(M(4)) = 0 ∈H2(M(4),Z2). However, it is also true that on every four-manifold the spinc bundles
S± ⊗ L1/2 exist, where L is a line bundle satisfying
c1(L) ≡ w2(M(4)) mod 2 . (E.1)
A spinc gauge field then has the property that 2A is a connection on L, so that (formally)A is a connection on L1/2.Recall that the bolt-type solutions all have the topology M(4) = Mp = total spaceof O(−p) → S2. A simple computation shows that w2(Mp) is zero for p even, while forp odd w2(Mp) generates the cohomology group H2(Mp,Z2) ∼= Z2. We assume that thegauge field has field strength F satisfying∫
S2
F2pi = n2 , (E.2)
where S2 ⊂Mp denotes the bolt/zero-section, so that c1(L) = n ∈ H2(Mp,Z) ∼= Z. Thenvia (E.1), we see that A is a spinc gauge field if and only if n ≡ p mod 2. Notice that forall the solutions discussed in the main text regularity of the metric fixes the gauge field,and that n ≡ p mod 2 was then indeed found to hold automatically for this gauge field.This is a necessary condition for supersymmetry.
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In this section we would like to describe the spinc bundles S± ⊗ L1/2 more explicitly.We begin by noting that, although the metrics on Mp are not Kähler, nevertheless Mpadmits a Kähler structure. We may then use the fact that on a Kähler four-manifold thespin bundles are (formally)
S+ = K 1/2 ⊕ K−1/2 ,
S− = K 1/2 ⊗Ω0,1 . (E.3)
Here K denotes the canonical line bundle, while Ω0,1 denotes the holomorphic tangentbundle. The spin bundles (E.3) exist if and only if the square root K 1/2 exists. A naturalchoice for L on a Kähler manifold is thus L = K−1. If we denote pi : Mp → S2 asthe projection onto the bolt/zero-section, then for the natural complex structure on Mpimplied by our notation we have
K = pi∗O(p− 2) . (E.4)
We thus see that K 1/2 indeed exists if and only if p is even. The spinor bundles are(formally when p is odd) hence
S+ = pi∗ [O(p2 − 1)⊕ O(−p2 + 1)] ,
S− = pi∗ [O(−p2 − 1)⊕ O(p2 + 1)] . (E.5)
Since L = pi∗O(n) by definition, we thus compute the spinc bundles
S+ ⊗ L1/2 = pi∗ [O(n+p2 − 1)⊕ O(n−p2 + 1)] ,
S− ⊗ L1/2 = pi∗ [O(n−p2 − 1)⊕ O(n+p2 + 1)] . (E.6)
In particular, notice that since n ≡ p mod 2, these bundles always exist on Mp, asadvertised. The Dirac spinors on our bolt solutions are globally sections of the bundles
S⊗L1/2 = (S+ ⊗ L1/2)⊕(S− ⊗ L1/2), where the factors are given by (E.6) and n is the fluxnumber given by (E.2). Notice we have made use of (E.6) in the main text, for exampleto deduce (3.59).Now we consider how these spinors restrict to the conformal boundary S3/Zp =∂Mp. Denote the inclusion of this boundary as ι : S3/Zp ↪→ Mp. Then H2(S3/Zp,Z) ∼=H1(S3/Zp,Z) ∼= Zp, and the map
Z ∼= H2(Mp,Z) ι∗−→ H2(S3/Zp,Z) ∼= Zp (E.7)
is simply reduction mod p. Let us denote the torsion line bundle that generatesH2(S3/Zp,Z) ∼=
Zp by L , so that c1(L ) = 1 ∈ Zp. Then using (E.7) we can determine that the restriction
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of either spinc bundle to the conformal boundary is
boundary spinc bundle = ι∗S± ⊗ L1/2 = L n+p2 ⊗ (L ⊕L −1) . (E.8)
Here it is important to note that L p = 1 is a trivial line bundle, so that L n+p2 = L n−p2 .Thus the boundary spinors are typically sections of a non-trivial bundle.Recall that every orientable three-manifold is spin, so a spin bundle of S3/Zp certainlyexists. However, an important subtley here is that for p odd there is a unique spin bundle,namely
S = L ⊕L −1 , (E.9)
while for p even there are two inequivalent spin bundles, namely
S0 = L ⊕L −1 , S1 = L p2 +1 ⊕L − p2−1 . (E.10)
This arises from the fact that, quite generally, inequivalent spin bundles correspond toelements of H1(M,Z2), and in the case at hand using the universal coefficient theoremone can compute H1(S3/Zp,Z2) ∼= Zgcd(p,2). Thus for p odd this group is trivial, whilefor p even it is isomorphic to Z2. Concretely, when p is even the two spinor bundles in(E.10) differ in that the spinors differ by a sign on going once around the Hopf fibre. Wehave then explicitly shown that the spin bundle S1 extends to either of the unique chiralspin bundles S± over Mp in (E.5), while S0 extends instead to a particular spinc bundleon Mp.1The above discussion implies that a section of the spin bundleS0 is the same thing asa section of the spinc bundle S1⊗L p2 . This isomorphism is important for understandingthe Killing spinors. Recall that in the 1/2 BPS case we always have n = ±p. When p iseven the spinor bundles S± restrict to S1 on the boundary, and it is precisely the fluxn = ±p that turns this into the spinor bundle S0, as is clear from (E.8). At the level ofthe Killing spinor equation itself, the difference in the global form of the spin connectionfor S0 and S1 is equivalent to the difference between having no flat connection andthe specific flat connection on L p2 . The reader might re-examine the (essentially local)discussion of the explicit spinors in section 3.2.3 in light of this global point. The 1/4BPS case involves an additional subtlety, that we address in the next subsection E.2.Finally, let us explain why (E.9), (E.10) are in fact spinor bundles for S3/Zp! If weview S3/Zp as a pth power of the Hopf fibration over S2, then this naturally leads to thetangent bundle being
T (S3/Zp) = R⊕L 2 , (E.11)
1 The reader might be more familiar with this in the case of spinors on the circle S1: there are two spinstructures, periodic and anti-periodic. Only the anti-periodic choice extends to the spin structure on R2. Itis similar here: it is the “anti-periodic” spinor bundle S1 that extends to a spinor bundle on Mp.
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where we have used that the tangent bundle for S2 is O(2), and pulled this back to S3/Zpto obtain L 2. The factor of R in (E.11) is tangent to the vector field ∂ψ , generating theS1 fibres. Given that the spinor bundle is a C2 vector bundle with structure group SU(2),combined with the constraint that P(S ) = Tunit, relating the projectivized spinor bundleto the bundle of unit tangent vectors, this implies that S must be of the form P ⊕ P−1where P is a line bundle satisfying P2 = L 2. This leads directly to (E.9) as the uniquesolution when p is odd, and to the two solutions (E.10) when p is even.
E.2 Explicit computations
Guided by the above discussion, we may now look more closely at the local solutions tothe Killing spinor equations in section 3.2.3.
E.2.1 Flat connections
We first look more closely at the gauge field onMp, and in particular its global structureon the boundary. Suppose we have a gauge field on Mp given by
A = κ(r)(dψ + cosθdφ) , (E.12)
where ψ has period 4pi/p and the bolt is at r = r0. Flux quantization through this boltgives ∫
S2r=r0
F2pi = −2κ(r0) ≡ q . (E.13)
Then A is a connection on the line bundle O(q)→ Mp, where we are for now assumingthat q ∈ Z is an integer, so that this makes sense. The expression (E.12) is ill-definedat r = r0, where the vector field ∂ψ is zero. This is because A cannot have an expressionin terms of a global one-form on Mp when q 6= 0.We remedy this as follows. Let θ and φ be the standard coordinates on S2, andcover this S2 with coordinate patches U±, in which U+ excludes the south pole at θ = pi,and U− excludes the north pole at θ = 0. On the products U± × S1± we may define theone-forms
Dν± ≡ dν± + p2 (cosθ ∓ 1)dφ . (E.14)
Here ν± are coordinates on S1±, respectively, each with period 2pi. In order to form S3/Zp,which are the constant r > r0 surfaces, we then glue these together on the overlap via
ν+ − ν− = pφ . (E.15)
Here the transition function g : (0, pi) × S1 → U(1) is g(θ, φ) = eipφ . This has winding
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number p ∈ Z, and defines the principal U(1) bundle over S2 with first Chern classp ∈ Z ∼= H2(S2,Z). Then on the overlap Dν+ = Dν−, and (E.14) defines the globalangular form for the principal U(1) bundle. Notice then that, in terms of the Euler anglesused in the main text,
ν± = p2ψ± , (E.16)
and the globally defined one-form defined by (E.14) is simply p2σ3.We may then cover our manifold Mp by the two coordinate patches R≥0 × U± × S1±,where r − r0 is a coordinate on R≥0. Then in these two patches we define
A± = q2 dψ± + κ(r)(dψ± + (cosθ ∓ 1)dφ) . (E.17)
This is the correct non-singular form of (E.12) in each coordinate patch. Moreover, onthe overlap in R>0 ×S3/Zp = {r > r0} (notice it is crucial here that we exclude the boltat r = r0) we have
A+ − A− = qdφ . (E.18)
It follows that on the complement of the bolt R>0 × S3/Zp we may write
A = κ(r)σ3 + A(3)flat , (E.19)
where A(3)flat is a flat connection on L q, where L has first Chern class c1(L ) = 1 ∈ Zp ∼=H2(S3/Zp,Z). This is defined in the two patches
A(3)flat =
 q2 dψ+ in U+ × S1+q2 dψ− in U− × S1− . (E.20)
This is manifestly flat, and on the overlap we have
A(3)flat,+ − A(3)flat,− = qdφ , (E.21)




which is the observable Wilson line of this non-trivial connection.What we have shown here, very explicitly, is that if the gauge field is a connec-tion on O(q) → Mp, which has first Chern class c1(O(q)) = q ∈ Z ∼= H2(Mp,Z), thenthe restriction of this first Chern class to the boundary S3/Zp is simply q mod p in
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H2(S3/Zp,Z) ∼= Zp. Topologically this is clear, since the natural map
Z ∼= H2(Mp,Z) → H2(S3/Zp,Z) ∼= Zp , (E.23)
is just reduction mod p.When q is half-integer, which happens when p is odd and A is a spinc connection,the above discussion cannot be applied directly. For example, for the 1/2 BPS solutionswe have q = ±p2 . In particular, the transition function (E.18) is not a single-valued U(1)gauge transformation in this case. One might proceed in this case by multiplying thegauge field by 2, and note that 2q = ±p = 0 mod p, and then that when p is odd theonly solution to 2q = 0 mod p is q = 0. Thus the boundary torsion is zero in this case.Although slightly indirect, this is a perfectly valid argument to reach this conclusion,which we have then used in the main text. A more direct proof, using coordinate patches,requires a more involved explicit treatment than we have given above.
E.2.2 Boundary spinors
With this in hand, we can return to the explicit boundary Killing spinors in section 3.2.3.Beginning with the 1/2 BPS case, the explicit solution to the Killing spinor equation is(3.29). We first note that the frame e˜a in (3.28) is not invariant under L∂ψ , but rather e˜1e˜2e˜3
 =




Here σ3 is globally defined on S3/Zp, being 2pDν± in each patch given by (E.14). TheSO(3) rotation above corresponds to the SU(2) = Spin(3) rotation cosψ sinψ 0− sinψ cosψ 00 0 1
 ∼ ( eiψ/2 00 e−iψ/2
) , (E.25)
so that in the frame eˇ1 = dθ, eˇ2 = sinθdφ, eˇ3 = 2sσ3 the spinor (3.29) reads
χˇ = ( cos θ2 eiφ/2 − sin θ2 e−iφ/2γ sin θ2 eiφ/2 γ cos θ2 e−iφ/2
)χ(0) . (E.26)
This is independent of ψ, as claimed. However, the frame eˇa is singular at the polesθ = 0, θ = pi, which are coordinate singularities. In the patch U+ × S1+, which recall
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excludes the south pole θ = pi, we may further rotate the frame to e1+e2+e3+
 ≡






where we have defined x+ = θ cosφ, y+ = θ sinφ, and the last equality is true to leadingorder near to θ = 0. Near to θ = 0, these are standard Cartesian coordinates on R2,with θ playing the role of the usual radial coordinate. Thus the frame ea+ is non-singularin the patch U+ × S1+, and the corresponding spinor rotates similarly to (E.25) to give2
χ+ = ( cos θ2 − sin θ2 e−iφγ sin θ2 eiφ γ cos θ2
)χ(0) . (E.28)
We see that this is indeed smooth in this patch, the point being that the terms e−iφ ,which are ill-defined at θ = 0, have coefficients which vanish as O(θ) at θ = 0.A similar argument now works in the south patch U−×S1−, with x− = −(pi−θ) cosφ,y− = (pi − θ) sinφ. The rotation then has the opposite sign to (E.27), e1−e2−e3−
 ≡






leading to the corresponding spinor in the corresponding smooth frame ea−
χ− = ( cos θ2 eiφ − sin θ2γ sin θ2 γ cos θ2 e−iφ
)χ(0) . (E.30)
This is then smooth in the patch U− × S1−.Our spinor is thus smooth in each coordinate patch of S3/Zp, and on the overlapregion they are related by the U(1) ⊂ SU(2) ∼= Spin(3) transformation
χ− = ( eiφ 00 e−iφ
)χ+ . (E.31)
This precisely means that, globally, the spinors are sections of L ⊕L −1, precisely aswe claimed using more abstract reasoning in section E.1. We have thus checked that the1/2 BPS spinors are globally well-defined and smooth on the constant r > r0 surfacesS3/Zp, and sections of the bundle S in (E.9) and S0 in (E.10), when p is odd and even,respectively.The story for the 1/4 BPS spinors is very similar, with just one important difference.
2 Here χ+ denotes the spinor χ in the patch U+ × S1+, and is not to be confused with the use of ± insection 3.2.3 to denote chirality!
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Although the spinor (3.37) is simply constant in the frame e˜a, because the latter dependson ψ as in (E.24) in fact the 1/4 BPS spinors are charged under ∂ψ . Specifically, (3.37)satisfies
L∂ψχ = i2χ , (E.32)
implying an overall phase dependence of eiψ/2. This would then seem problematic if onetries to take ψ to have period 4pi/p for general p > 1. However, we emphasized insection 3.2.3 that the computation was only valid locally, and indeed for the 1/4 BPSQuaternionic-Eguchi-Hanson solutions in section 3.3 (and of course the more general1/4 BPS solutions in section 3.5), the gauge field flux (3.57) implies that on S3/Zp wehave an additional flat connection on L −1. This flat connection is given explicitly incoordinate patches by (E.20), (E.21), with q = −1. If one includes this gauge field whensolving for the 1/4 BPS Killing spinors in each patch, then one obtains an additionalphase dependence of e−iψ±/2. This phase then cancels the phase arising from (E.32), andthe upshot is that the global 1/4 BPS spinor is in fact independent of ψ. We thus seethat the −1 factor in the quantized flux (3.57) and (3.113) is crucial for supersymmetryfor general p > 1.Including this flat connection, then in the frame e˘1 = dθ, e˘2 = sinθdφ, e˘3± = 2s(dψ±+(cosθ ∓ 1)dφ), one find that the 1/4 BPS spinors in the two patches are explicitly
χ˘± = e∓iφ/2( 0χ (−)(0)
) . (E.33)
Rotating as in (E.27) and (E.29) in each patch, to give smooth frames ea± as before, onethen sees that these 1/4 BPS spinors on constant r > r0 surfaces S3/Zp are smoothsections of (L ⊕L −1)⊗L −1.
E.2.3 Regularity at the bolt
The above discussion guarantees that the spinors are well-defined and smooth on {r >r0}, where the bolt S2 is at r = r0. For completeness, we should also verify that thespinc spinors in section 3.2.3 are smooth at the bolt itself.This is easily checked along the lines of the previous subsection. We first note thatthe four-frame (3.14) is singular at the bolt r = r0 itself, and moreover the gauge fieldin (3.6) is also singular at the bolt. Thus the spinors in section 3.2.3 are in a singularframe, in a singular gauge! However, this is easily rectified by making an appropriateframe rotation and gauge transformation, respectively.If we denote by ρ the geodesic distance from the bolt at r = r0, then to leading order
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near ρ = 0 the frame (3.14) reads
e1 ∼ √r20 − s2σ1 , e2 ∼ √r20 − s2σ2 , e3 ∼ ρ [d(pψ2
)+ p2 cosθdφ
] ,
e4 ∼ dρ , (E.34)









the e30, e40 are now smooth near the bolt. The corresponding action on the Dirac spinorsmay be deduced from the four-dimensional gamma matrices (3.16), and is
diag(e−ipψ/4, eipψ/4, eipψ/4, e−ipψ/4) ∈ Spin(4) ∼= SU(2)× SU(2) . (E.36)
Of course, we should again introduce coordinate patches U± on the S2 bolt, and rotatethe e10 and e20 directions precisely as we did in the previous section, i.e. we apply therotation (E.24) so that the frame is invariant under L∂ψ , and the rotations (E.27), (E.29) inthe U+ and U− patches, respectively. In this way we obtain four-frames ea±, a = 1, 2, 3, 4,in patches U± × S1± × R≥0 which cover a neighbourhood of the bolt. Here ρ ∈ R≥0 isgeodesic distance from the bolt. In this frame, the 1/2 BPS spinors (3.23) read
ε =

√ (r−r3)(r−r4)r−s χ (+)e−ipψ/4√ (r−r1)(r−r2)r−s χ (−)eipψ/4i√ (r−r1)(r−r2)r+s χ (+)eipψ/4i√ (r−r3)(r−r4)r+s χ (−)e−ipψ/4
 , (E.37)
where χ (±) are the two components of χ in (E.28) and (E.30), in the two patches respec-tively. Similarly, one should understand ψ = ψ± in the two patches, respectively.Finally, recall that the gauge for the spinc gauge field A is singular at the bolt,as discussed in section E.2.1. For the positive/negative branch 1/2 BPS solutions, thesingular gauge field is to leading order
A ∼ ∓p4 (dψ + cosθdφ) , (E.38)
near the bolt, respectively. This follows directly from (3.81). Thus for the positive/negativebranch solutions we must make a gauge transformation A → A ± p4dψ (in each patch
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appropriately) in order that A is well-defined at the bolt (where the azimuthal coordinateψ is not defined). Doing so, we obtain the following form of the spinors for the positivebranch solutions
εpositive branch =

√ (r−r3)(r−r4)r−s χ (+)√ (r−r1)(r−r2)r−s χ (−)eipψ/2i√ (r−r1)(r−r2)r+s χ (+)eipψ/2i√ (r−r3)(r−r4)r+s χ (−)
 , (E.39)
while the negative branch spinors are
εnegative branch =

√ (r−r3)(r−r4)r−s χ (+)e−ipψ/2√ (r−r1)(r−r2)r−s χ (−)i√ (r−r1)(r−r2)r+s χ (+)i√ (r−r3)(r−r4)r+s χ (−)e−ipψ/2
 . (E.40)
These spinors are now in a non-singular frame and gauge at the bolt, and we indeedsee that they are smooth. Here one must recall that for the positive branch the bolt isat r0 = r2, while for the negative branch instead r0 = r4. In both cases r0 is the largestroot, so r > s for all r while r > ri provided ri is not the root r0. The key point is thatfor the positive branch spinor (E.39), the components that depend on ψ tend to zero atthe bolt r = r2, with a corresponding statement holding for (E.40). Indeed, notice thatpψ/2 has the canonical period 2pi, with geodesic distance ρ ∝ √r − r0 near the bolt, sothat the spinors tend to zero near the bolt in the same way as they tend to zero nearthe poles θ = 0, θ = pi in (E.28), (E.30), respectively. This proves that the 1/2 BPSspinc spinors are smooth and well-defined everywhere, for both positive and negativebranches.The discussion for the 1/4 BPS case is essentially identical (although here noticethat our labelling of roots r4 ↔ r2 for the two types of branch is interchanged relativeto the 1/2 BPS case).
E.3 Eleven-dimensional spinors
In this appendix we briefly consider the eleven-dimensional spinors for the bolt solutions.Even though the four-dimensional Taub-Bolt-AdS solutions are not spin manifolds for podd, we will see that the eleven-dimensional Euclidean space is always spin, and thatthe eleven-dimensional spinors are indeed globally well-defined whenever the metric is.We follow the notation of section 3.6.We consider the case of lifting a Taub-Bolt-AdS solution, with topology Mp =
O(−p) → S2, on a regular Sasaki-Einstein manifold Y7 with Kähler-Einstein base B6,
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Fano index I = I(B6), and for simplicity we take k = I so that Y7 is the total space of theU(1) principal bundle associated to the canonical bundle of B6. In this case from (3.121)we see that the eleven-dimensional geometry is the total space of a U(1) principal bun-dle over Mp × B6, with global angular form η + 12A. We denote the corresponding linebundle by V. We will show that the total space Z of V (which is twelve-dimensional) isalways a spin manifold. Since Z deformation retracts onto its zero section, it is sufficientto compute the restriction of w2(Z ) to the zero section Mp ×B6. In turn, we note that Zhas a natural complex structure (with Mp having the complex structure of section E.1),and then w2(Z ) is the mod 2 reduction of the first Chern class c1(Z ). We then computec1(Mp×B6) = (2−p)Φ+c1(B6), where Φ denotes the generator of H2(Mp,Z) ∼= Z.3 Thenthe connection term η + 12A implies that c1(V) = −nΦ − c1(B6). The Whitney productformula then gives c1(Z ) = (2−p−n)Φ (with Φ understood as appropriately pulled back).Since p ≡ n mod 2, we see that c1(Z ) = 0 mod 2, which implies that Z is indeed a spinmanifold. Its eleven-dimensional boundary, which is our spacetime, is thus also spin.The connection term η + 12A is thus precisely ensuring that the eleven-dimensionalspacetime is a spin manifold, even though the base four-dimensional spacetime in generalis not. This term also plays an important role in ensuring that the eleven-dimensionalspinor is indeed a spinor, rather than a section of a spinc bundle. The eleven-dimensionalspinor is a tensor product ε ⊗ β, where ε is the Dirac spinc spinor on Mp, and β is aspinor on the internal space Y7. In particular, ε is coupled to the spinc line bundle L1/2,with (formal) connection A. However, because of the connection term η + 12A the spinorβ is also fibred over Mp. To see this, note that on a Sasaki-Einstein seven-manifoldthe Killing spinor has charge 2 under ∂ξ , where recall η = dξ + σ . Thus the additionalconnection term in η+ 12A implies that β has charge −1 under A. Thus β is a spinor onY7, but also valued in L−1/2. Altogether, we see that the dependence on L cancels in thetensor product ε ⊗ β, which precisely ensures that this is then an eleven-dimensionalspinor, rather than a spinc spinor. As we have seen in the previous paragraph, this isthen guaranteed to be globally defined.
3That is, ∫S2bolt Φ = 1.
F | Free energy
F.1 Holographic renormalization
In this appendix we present some further details of the computation of the holographicfree energy/Euclidean action of the solutions described in the main text.We begin by writing the supergravity action
I ≡ Igravbulk + IF = − 116piG4
∫ d4x√g (R + 6) + 116piG4
∫ d4x√gF 2 . (F.1)
This action diverges as r →∞ and in order to obtain a finite value we apply the standardtechnique of holographic renormalization [50, 51]. We introduce a cut-off at r = ρ andconsider the hypersurface Sρ of constant r = ρ with induced metric
γµν = gµν − nˆµnˆν , (F.2)
where nˆ is the unit vector normal to Sρ. As ρ→∞, Sρ becomes the (conformal) boundaryand γµν the boundary metric. We regularize the action by adding the following term
Igravct + Igravbdry = 18piG4
∫
Sρ d3x√γ (2 + 12R(γ)− K) . (F.3)
Here R(γ) is the Ricci scalar of γµν , and K is the trace of the second fundamental formof Sρ, the latter being the Gibbons-Hawking boundary term.
F.2 Proof that Ising = n2pi8pG4The space Taub-NUT-AdS/Zp is a singular orbifold for p > 1. We have seen in ourexplicit examples that Taub-NUT-AdS/Zp solutions can arise, with specific squashingparameters, as limits of Taub-Bolt-AdS solutions. When this happens, the singularity ofthe Taub-NUT-AdS/Zp can effectively contribute to the free energy. This is because, inthese limits, the Taub-NUT-AdS/Zp solution has an additional flat gauge field turnedon, which can be understood as originating from “trapped flux” at the bolt which hascollapsed to zero size. In this appendix we attempt to understand this phenomenon
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more generally. We argue that the singularity can contribute to the free energy via
Ising ≡ n28p · piG4 . (F.4)
The basic physical idea here is that the singularity can have n2 units of flux “trapped” init, so that ∫
collapsed cycle
F2pi = n2 . (F.5)
This flux then induces a corresponding torsion line bundle on Taub-NUT-AdS/Zp minusthe singularity, which has topology R>0 × S3/Zp. In practice, we compute this singularcontribution by choosing a one-parameter family of resolutions of the orbifold singularitytoMp = O(−p)→ S2, and then calculating the free energy of an appropriate gauge fieldsatisfying (F.5), where the collapsed cycle is resolved to the S2 bolt/zero-section. Thisone-parameter family, depending on ε > 0, will be such that in the ε → 0 limit werecover the Taub-NUT-AdS/Zp metric with a flat torsion gauge field, with line bundledepending on n. The result will end up being a topological invariant, provided we makecertain natural assumptions.1We begin by first choosing an explicit resolution of the metric and appropriate gaugefield, which will lead to (F.4). Having done this, we will then discuss to what extentthe result is independent of these choices, and why (F.4) may then be interpreted as atopological invariant.Recall that the self-dual Einstein metric on the Taub-NUT-AdS space can be writtenas
ds24 = r2 − s2Ω(r) dr2 + (r2 − s2)(σ21 + σ22 ) + 4s2Ω(r)r2 − s2 σ23 , (F.6)
where
σ1 + iσ2 = e−iψ(dθ + i sinθdφ) , σ3 = dψ + cosθdφ . (F.7)
Here Ω(r) = (r − s)2(r − r1)(r − r2), where{ r2r1
} = { −s+√4s2 − 1−s−√4s2 − 1
} . (F.8)
Taking θ ∈ [0, pi] and the periodicities φ ∈ [0, 2pi), ψ ∈ [0, 4pi) this space is topologically
R4. Taking instead ψ ∈ [0, 4pip ) this becomes topologically the orbifold R4/Zp, with a(NUT) orbifold singularity located at r = s.To compute Ising we resolve the singularity, replacing it with an S2ε of radius propor-
1 Notice that the naive contribution of a flat torsion gauge field to the free energy is zero (becauseF = 0).
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tional to a small parameter ε, for any value of s. Obviously, we cannot do this whilepreserving supersymmetry and SU(2) × U(1) isometry in general, otherwise we wouldhave found this metric within some class of BPS solutions. However, it is straightforwardto write a metric on the resolved space that has the same isometry group and with sameconformal boundary. A simple example of such a metric is obtained by replacing2 Ω(r)with
Ωε(r) = (r − s− ε)(r − s− aε)(r − r1 − ε)(r − r2 − ε) , (F.9)
where we assume that ε ≥ 0. Notice that the roots are now all distinct, with the largestroot being rε = s+ ε, provided that a < 1. Using the method described in the text, it isstraightforward to check that taking
a = 1− p+ O(ε) , (F.10)
this gives a smooth metric on the space Mεp = O(−p) → S2, for any value of s andsufficiently small ε > 0. Notice that indeed a < 1 for any p, thus rε is the largest root.Then Ωε(r) reduces smoothly to the Taub-NUT-AdS metric function for ε → 0, wheretwo roots coalesce.In order to compute the contribution to the free energy of the trapped flux, we willchoose a one-parameter family of gauge fields on this resolved space Mεp with self-dual field strength Fε. Recall that locally the most general (anti-)self-dual gauge fieldpreserving the isometry of the metric (F.6) is given by A± = C±f±(r)σ3, where C± areconstants and
f±(r) = r ∓ sr ± s . (F.11)
It turns out that choosing the (local) gauge field
Aε = − nε4(2s+ ε) r + sr − s σ3 , (F.12)
the flux through the S2ε ⊂Mεp at r = s+ ε is the desired one, namely∫
S2ε
Fε2pi = n2 , (F.13)
again independently of s and ε. Moreover Fε → 0 for ε→ 0 implying that, globally, Aεbecomes a flat torsion gauge field in the limit. Finally, it is straightforward to compute
2We have checked that for any choice of parameters in Ωε(r) = (r−s−ε)(r−s−aε)(r−r1−bε)(r−r2−cε)the resulting metric is not Einstein. However, this is not an issue, as will become apparent.
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the contribution to the action/free energy
116piG4
∫
Mp(Fε)2 = − 18piG4
∫
Mp Fε ∧ Fε
= 18piG4 n2ε216(2s+ ε)2 [f−(r = rε)2 − f−(r =∞)2]
∫ dψ sinθdθdφ
= n28p · piG4 + O(ε2) , (F.14)
where in the last equality we used the fact that ψ ∈ [0, 4pip ). We have thus derived (F.4),as advertised.Although this result depends a priori on the choice of resolved metric and gaugefield we picked, we will now explain to what extent it is in fact independent of thesechoices. Having resolved the singularity to Mp = O(−p) → S2, more generally we mayconsider any one-parameter family of gauge fields on this space, depending on ε > 0,which satisfy the following properties: (i) the curvature Fε has finite action, (ii) Fε2pi hasperiod n2 through the S2 bolt/zero-section, (iii) the curvature tends to zero in the Taub-NUT-AdS/Zp space as ε → 0 (say, O(ε)). These are all clearly necessary (or at leastreasonable) assumptions. In order to compute the contribution of this gauge field to thefree energy, we will also assume that (iv) Fε satisfies the gauge field equation of motion.Of course, all these conditions are satisfied in our computation above.With these assumptions in place, the integral ∫
Mp Fε ∧ ∗Fε is in fact independent ofthe cohomology class of F ε , to leading order (i.e. ignoring O(ε) corrections). This followsby taking Fε → Fε+dΛ, where Λ is any closed form, using the equation of motion for F ε ,Stokes’ Theorem, and the fact that the curvature is O(ε) at infinity. We may thus, withoutloss of generality, pick the particular representation (F.12) for this cohomology class. Sofar we have not specified what metric we are using to define the Hodge dual, but noticethat since the one-parameter family of metrics is required to tend to the Taub-NUT-AdSmetric as ε → 0, and since our choice of gauge field (F.12) becomes (anti-)self-dual inthis limit, without loss of generality we may pick an (anti-)self-dual gauge field for allε. Essentially, any other choice will simply change only the O(ε) corrections to the finalaction/free energy integral.The advantage of choosing an anti-self-dual field strength is that this makes it clearwhy the final result (F.4) is a topological invariant (even though the above argumentshows that picking an anti-self-dual field strength is not necessary). We have, as before,
116piG4
∫
Mp(Fε)2 = − 18piG4
∫
Mp Fε ∧ Fε . (F.15)
The right hand side may then be understood topologically, to leading order in ε, asthe pairing H2cpt(Mp,R) × H2(Mp,R) → R. Although Fε is not necessarily compactlysupported (and is not in our example computation), it is to leading order in ε. We have
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H2cpt(Mp,Z) ∼= Z, and the generator Ψ has unit integral over a fibre ofMp = O(−p)→ S2(it is the Thom class of this bundle). It is then a standard fact that ∫S2 Ψ = −p, the latterbeing the Euler class of the bundle O(−p) → S2, so that ∫
Mp Ψ ∧Ψ = −p (integratingfirst over the fibre, and then over the bolt). Thus the cohomology class [Fε] = −pinp Ψ,and we hence compute
116piG4
∫
Mp(Fε)2 = − 18piG4
(pinp
)2 ∫
Mp Ψ ∧Ψ ,
= n28p · piG4 . (F.16)
Here each equality should be understood as up to O(ε). This explains why (F.4) may beunderstood as a topological invariant.
G | Holographic Wilson loops
In this appendix we present an argument showing that the Taub-NUT-AdS and Taub-Bolt-AdS solutions behave qualitatively differently with respect to the holographic com-putation of the VEV of a BPS Wilson loop. Given a specific dual field theory Lagrangian,the latter is in principle computable (at finite N) using localization methods.We consider an M2-brane that wraps the M-theory circle together with a copy of
R2 ⊂M(4) that has boundary an S1 ⊂ S3 at conformal infinity. This naturally correspondsto a Wilson loop in the boundary gauge theory. Notice that, from the IIA point of view,this is a fundamental string wrapping the copy of R2. Taking the S1 ⊂ S3 to be a Hopffibre/great circle, which in our coordinate system is coordinatized by the Euler angle ψ,and the R2 to be this together with the radial direction coordinatized by r at θ = 0, weconjecture that the wrapped string should be BPS, as it is in AdS4.1 For a Taub-Bolt-AdSsolution, notice this is a copy of the fibre of M(4) = O(−1)→ S2.The action of the M2-brane/fundamental string should compute the VEV of the cor-responding BPS Wilson loop in the holographically dual supersymmetric gauge theory,to leading order in the large N limit. It is easy enough to compute this action in anyparticular example. The VEV of a BPS Wilson loop can also be computed exactly vialocalization in the gauge theory.However, there is an important subtlety in this computation, for which the Taub-NUT-AdS space and Taub-Bolt-AdS space behave very differently. This was first pointed out,in a similar but non-supersymmetric context, in [65]. The point is that the type IIAstring has a coupling exp (i ∫Σ B). When we insert this string into our string theory pathintegral, we should include this coupling in the computation of the action. Moreover, inthe supergravity partition function we should remember to sum over flat B-fields. Addinga closed B-field does not affect the supergravity equations of motion, but different closedB-fields can be gauge inequivalent, and should be summed/integrated over. This is akey point.In the present situation, with boundary conditions fixed at infinity, we should sumover B-fields in spacetime that are zero at infinity, modulo shifts B → B + dΛ, where Λis also zero at infinity. This means that physically distinct B-fields, with fixed boundary
1For Y7 = S7, or S7/Z4 as appropriate for a Taub-Bolt-AdS solution, the string can be at any point onthe CP3 base. More generally, it will sit at a point in the IIA base M6 in such a way that the M-theorycircle fibre above it is calibrated and hence BPS.
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condition at infinity, are measured by H2cpt(M(4)). In fact including large gauge trans-formations this becomes H2cpt(M(4), U(1)). The key point is that for the Taub-NUT-AdSspacetime this group is zero, so there are no flat B-fields to sum over. But for the Taub-Bolt-AdS spacetimes, because of the S2 bolt in fact H2cpt(M(4),R) ∼= R, and is generatedby a closed two-form that integrates to 1 over the fibre ofM(4) = M1 = O(−1)→ S2, andhas rapid decay up the fibre. Including large gauge transformations, this means thereis an S1 moduli space of B-fields to integrate over, and the supergravity saddle pointapproximation for the path integral with the type IIA string inserted should be
〈 string 〉Bolt = ∫ 2piθ=0 exp [−Astring + iθ] = 0 . (G.1)
Here Astring is the area of the string (its action), while θ parametrizes the differentB-fields integrated over the fibre. For the Taub-NUT-AdS solution, there is no suchintegral, and the VEV is just given by the classical area, in the large N limit. On theother hand, this argument shows that the VEV of the Wilson loop in the Taub-Bolt-AdSbackgrounds is identically zero.
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